clowual of 


BASIC ENGINEERING 


1959 


} 
. 
; 
OF THE ASME it 
of; 
fe 
A, 


ownal of 


OF THE ae 


D 


Editor, J. J. JAKLITSCH, JR. 

Editor Emeritus, GEORGE A. STETSON 
Consulting Editor, LEO BLODGETT 
Production, JEAN NORTH 

Art Editor, HENRY BALFOUR 


President, G. B. WARREN 
Secretary, 0. B. SCHIER, ti 
Treasurer, E. J. KATES 

Assistant Treasurer, H. J. BAUER 


Chairman, JOHN de S. COUTINHO 
G. A. SKROTZKI 

HENDLEY N. BLACKMON 

R. BD. MINDLIN 

MARTIN GOLAND 


Junior Representutives 
A. T. WUSKA 
A. S. GOLDSTEIN 


Region |, ROY L. PARSELL 
Region jl, GLENN R. FRYLING 
Region Ili, F. J. HEINZE 
Region IV, FRANCIS C. SMITH 
Region V, H. M. CATHER 
Region Vi, C. R. EARLE 
Region Vil, M. POPOVICH 
Region Vill, LINN HELANDER 


ant ampton 

saunter 
ers 0 ie e 


18, 
$10.90 ann 
all counties the United 
ada Pan American 
must be received at Soc’ 
cuarters seven weeks before they are to be 
effective on the mailing list. Please send old 
as well as new address -Law: The 
shall not be statements 
nions advanced in or... printed in 
publications (813, 
to mail second- ‘fie ee 
at 


m 

it credit be given 
Transactions of the ASME, Series 0 — Journal 
of Basic Engineering. and the author 
that date of publication be stated. 


TRANSACTIONS OF THE ASME 
is indexed by the Engineering Index, inc. 


VOLUME 81 « SERIES D « NUMBER 1 


March 1959 


Ball Motion and Sliding Friction in Ball Bearings 
A. B. Jones 


A Variational Approach to Lubrication Problems and the Solu- 
tion of the Finite Journal Bearing 


D. F. Hays 


On the Necessity of Unsteady Flow in Fluid Machines 
R.C. Dean, Jr. 


Prediction of Choking Flow in Centrifugal Impellers 
Harold Lown and F. J. Wiesner, Jr. 


Concerning Subharmonic Oscillations Which May Exist in Non- 
linear Systems Having Odd Restoring Forces 


CA. Ludeke and William Pong 


An Analytic Frequency-Response Solution for a Higher Order 
Servomechanism With a Nonlinear Control Element 


ALM. Hopkin and K. Ogata 


Antifriction Instrument-Bearing Torque Testing and the Re- 
sistance to Motion of Such Bearings 


A. B. Asch 


Analysis and Characteristics of the Three-Lobe Bearing 
O. Pinkus 


An Investigation of Dry Adhesive Wear 
R.P. Steijn 


Sliding Wear and Metal Transfer Under Unlubricated Conditions 
Stetjn 


On the Mechanism of Gear Lubrication 
Borsoff 


The Influence of the Molecular Mean Free Path on the Perform- 
ance of Hydrodynamic Gas Lubricated Bearings 
Albert Burgdorfer 


114 

a 
| 
| 

ag | 

| 

| 46 

a 
49 
Published quarterly by The American Society 
Mechanical En Publication office 
56 

The Ame " ety of Mechar Engineers. 

. 


TRANSACTIONS 


Cor 


Sem A’ 


Journal of 
ENGINECRING FOR POWER 


Volume 81 @ Series A e Number 1 


CONTENTS FOR JANUARY, 1959 


TRANSACTIONS 


Or THE ASME 


Suite 


Journal of 
ENGINEERING FOR INDUSTRY 


Volume 81 e Series B e Number 1 


CONTENTS FOR FEBRUARY, 1959 


TRANSACTIONS 


Cor THE ASME 


Series C 


HEAT TRANSFER 


Vol. 81 @ Series C @ No. 1 


CONTENTS FOR FEBRUARY, 1959 


Studies of Air Pollution Control by Southern California Edison Company, by A. J. Haagen-Smit. 
(57—SA-59) 


Characteristics of Airborne Particles, by T. A. Rich. (57—SA-56) 


a — and Radial Matching of Axial Compressor Blade Rows, by Jeffrey Watkins. 
58—SA-21 


The Measured and Visualized Behavior of Rotating Stall in an Axial-Flow Compressor and in a 
Two-Dimensional Cascade, by Gino Sovran. (58—SA-20) 


Availability Balance of Steam Power Plants, by C. A. Meyer, G. J. Silvestri, and J. A. Martin. 
(58—SA-16) 


Pulverized-Coal Transport Through Pipes, by R. C. Patterson. (58—SA-24) 


Operating Results of an Experimental Supercritical Steam Generator, by E. Daman, H. Phillips, J. 
Vail, and S. Ling. (58—SA-17) 


Some Notes on the Strength of the Enrico Fermi Reactor Vesse! Structure, by F. R. Beyer. 


Some Thoughts About the Development of Automotive Gas-Turbine Units, by A. T. Bowden and 
W. Hryniszak. (58—SA-26) 


7 Electrostatic Shaft Voltage on Steam-Turbine Rotors, by J. M. Gruber and E. F. Hansen. (58—SA- 


77 
92 


Dynamic Loading of Spur Gear Teeth, by A. Y. Attic. (58—SA-32) 

Analyticcl Design of an Ackermann Steering Linkage, by W. A. Wolfe. (58—SA-31) 
Structural Error Analysis in Plane Ki tic Synthesis, by Ferdinand Freudenstein. (58—SA-12) 
The Design of Linkages to Generate Functions of Two Variables, by C. W. Allen. (58—SA-57) 
Helical Springs of Hollow Circular Cross Section, by C. W. Bert. (58—SA-18) 


Design of Helical Springs for Minimum Weight, Volume, and Length, by R. T. Hinkle and |. E. Morse, 
Jr. (58—SA-9) 


Stress and Strain in Spinning Paraboloid Dishes, by M. J. Cohen. (58—SA-8) 
Torispherical Shells—A Caution to Designers, by G. D. Galletly. (58—PET-3) 
Drilling by Vibration. by R. Simon. (58—PET-21) 

Vibrations of Vertical Pressure Vessels, by C.E. Freese. (58—PET-13) 


Technical Briefs—Revisions to Published Chart: Metals for High-Pressure Hydrogenation Plants, by 
G. A. Nelson. 


Wove Theory of Heat Transfer in Film Boiling, by Yan Po Chang. (58—SA-19) 


A Boundary-Layer Treatment of Laminar-Film Cond tion, by E. M. Sparrow and J. L. Gregg. 
(58—SA-2) 


Transient Response of Heated Air in an Enclosure With Heat Losses, by W. A. Wolfe. (58—SA-3 


Natural-Convection Heat Transfer in Liquids Confined by Two Horizontal Plates and Heated From 
Below, by Samuel Globe and David Dropkin. 


Transient Heat Transfer for Laminor Forced Convection in the Thermal Entrance Region of Fiat Ducts, 
by R. Siegel and E. M. Sparrow. (58—HT-3) 


Generalized Correlation of Boiling Heat Transfer, by S. Levy. (58—HT-8) 

Heat Transfer to a Boiling Liquid—Mechanism and Correlations, by Kurt Engelberg-Forster and R. 
Greif. (58—HT-11) 

Transient Heat Conduction in Elliptical Plates and Cylinders, by E. T. Kirkpatrick and W. F. Stokey. 
(58—HT-i0) 

Calculation of Transients in a Cross-Flow Heat Exchanger, by G. M. Dusinberre. (58—HT-5) 

Free Convection, Forced Convection, and Acoustic Vibrations in a Constant Temperature Vertical 
Tube, by T. W. Jackson, W. B. Harrison, and W. C. Boteler. (58—HT-6) 

Summary—Selected References on Gas Turbines, Regenerative Cycles, Rotary Regenerators, and 
Associated Heat-Exchange and Pressure-Drop Information, by W. E. Hammond. 

Investigation of Heat Transfer, Flow, and Heat Exchangers as Related to Turbine Cooling, by H. H. 
Ellerbrock, Jr., and J. N. B. Livingood. 

Progress and Development of Gos-Turbine Regenerators, by Sven Holm and R. L. Lyerly. 

Heat Transfer and Friction for Fluids Flowing Over Surfaces at High Temperatures and High Veloci- 
ties, by R. G. Deissler and A. L. Loeffler, Jr. 


A New Technique for Measuring the Spectral Emissivity of Solids at High Temperatures, by P. E. 
Glaser and H. H. Blau, Jr. (58—AV-29) 


7 
| 
| 
| 10 
15 
23 
30 
43 
51 
67 
| 
, 
37 
43 
54 
61 
68 
75 
79 
89 


TRANSACTIONS 


ore Tett 


Senin & 


ournall of 


APPLIED MECHANICS 


Volume 81 Series’E Number 1 


CONTENTS FOR MARCH, 1959 


101 
107 
114 


122 
127 


TECHNICAL PAPERS 


Experimental Surface-Wave Method for Recording Force-Time Curves, J. N. Goodier, W. E. Jahs- 
man, and E. A. Ripperger. (58—A-51) 


Forced Torsional Vibration of Systems With Distributed Mass and Damping, K. E. Bisshopp. (58— 
A-8) 

Frequencies of a Flexible Circular Plate and Light Elastic Half-Space, G. N. Bycroft. (58—A-37) 
Analytical Design of Disk Cams by Independent Position Equations, F.H. Raven. (58—A-17) 


a Distribution and Plastic Deformation in Rotating Cylinders, E. A. Davis and F. M. Connelly. 
58—A-10) 


Transient and Residual Stresses in Heat-Treated Cylinders, J.H. Weiner and J. V. Huddleston. (58— 
A-21) 


The Nonlinear Bending of Thin Rods, T. P. Mitchell. (58—A-50) 


a4 and Deflections in Circular Plate Loaded Over a Segment, W. A. Bassali and M. Nassif. 
58—A-27) 


Transverse Flexure of a Thin Plate Containing Two Circular Holes, O. Tamate. (58—A-35) 


a Analysis of Symmetrically Loaded Thin Shells of Revolution, D. C. Drucker and R. T. Shield. 
58—A-26) 


On Influence Coefficients and Nonlinearity for Thin Shells of Revolution, Eric Reissner. (58—A-33) 
A Theorem of Maximum Strain Energy, E.H. Brown. (58—A-40) 


+a Stress-Strain Relationships—Effect of Loading Path and History, S. S. Gill and J. Parker. 
58—A-11) 


A Stress-Strain Relation for Hexagonal Close-Packed Array of Spheres, J. Duffy. (58—A-53) 


A Mathematical Model of the Stress-Strain Diagram and Hysteresis Loop, |. R. Whiteman. (58— 
A-68) 


A Definition of Stable Inelastic Material, D. C. Drucker. (58—A-31) 

Retarded Flow of Bingham Moterials, Alfred Slibar and P.R. Paslay. (58—A-34) 

An Experiment on Compressible-Flow Perturbations, T. A. D'Ews Thomson and R.E. Meyer. (58—A- 
52) 


Transient Film Cond tion, E. M. Sparrow and Robert Siegel. (58—A-13) 
Effect of Turbulence on Slider-Bearing Lubrication, Y. T. Chou and Edward Saibel. (58—A-30) 
Theory of Flight of the Sounding Rocket, V. C. Liu. (58—A-32) 


DESIGN DATA AND METHODS 
Stress-Concentration Factors for T-Heads, M. Hetényi. 


BRIEF NOTES 


133 Buoyancy Effects in Forced-Convection Flow, E. M. Sparrow and J. L. Gregg. 134 Ther- 
mally Induced Twists in Thin Plates, L. S. Han and K. L. Bergman. 136 Deflections and Vibra- 
tions of Clamped Sectorial Plates, M. Ben-Amoz. 137 Thermal Distributions Without Thermal 
Stresses, H. H. Hilton. 138 Thin-Walled Cylinders Under Torsion and Pressure, H. S. Suer 
and L. A. Harris. 140 Transient Heat Transfer for Flow in Ducts, Robert Siegel. 142 Upper 
and Lower Bounds for Stiffness of Plates, Eric Reissner. 143 Cross-Section Distortion and the 
Timoshenko Beam Equation, A. D. S. Barr. 144 Analysis of Paraboloidal Shells, Robert 
Schmidt. 145 Naturol Frequencies of Two Nonlinear Systems, E. W. Gaylord. 146 Re- 
sponse of a Slab to Impact, J. N. Goodier and E. A. Ripperger. 147 Thermal Stresses in Long 


Cylindrical Shells, C. H. Tsao. 148 Dynamic Characteristics of Undamped Vibration Systems, 
M, E. Gurtin. 


DISCUSSION 


Discussion of previously published papers by A. J. Durelli and A. S. Kobayashi; J. W. Dally, A. J. 
Durelli, and W. F. Riley; R. Plunkett; J. W. Miles; T. H. Lin. 


BOOK REVIEWS 


| 
| 
4 
; 
» 
\ 
3 
8 
13 
18 
40 
SS 
69 
73 
| 
77 
a 
| 
120 
a 
130 
| 
| 
150 
ak 154 
Ay 
| 


A. B. JONES 


Assistant Chief Engineer, 
Fafnir Bearing Company 
New Britain, Conn. 


Ball Motion and Sliding Friction 
in Ball Bearings 


In modern high-speed ball bearings the pressure areas, which result from elastic de- 
formations at the ball-race contacts, are appreciably curved and interfacial slip can 
occur at most points within the pressure areas. 
forces acting on the ball which are held in equilibrium by reactions from the races and 


the inertia effects of the motion of the ball. 


A method is derived for determining the motion of the ball and sliding friction in a 
high-speed, angular-contact ball bearing under thrust load in terms of the inertia effects 
on the ball and the frictional resistances resulting from interfacial slip at the contact 
Possible elastic compliance at the interface, hysteresis, and dynamical perturba- 
tions of ball motion are neglected. The solution of eight, simultaneous equations in- 


areas. 


volving double integrals for which closed-form solutions cannot be found is required. 
A soluticn for a particular case requires the services of a high-speed computer. 

For the case where gyroscopic effects on the ball can be neglected, certain simplifica 
tions and assumptions can be made which enable the solution of a particular problem 


Inertia Forces and Moments on Ball 


» ] REPRESENTS the instantaneous position of an 
element of mass in the ball of a high-speed, angular contact bear- 
ing. 

In Fig. 1: 


r,¥y,2 = fixed, right-handed co-ordinates with z the axis of 
the bearing about which the mass center of the 
ball revolves. 


' This paper is submitted to the Department of the Navy, Bureau 
of Ships as a separate technical report. The analysis of ball motion 
and sliding friction in ball bearings is complete in this paper, and will 
be referred to in future progress reports. Part of this work was 
carried out for Alloyd Research Corporation and supported by the 
Department of the Navy, Bureau of Ships, under Contract NOBS- 
72203. 

Contributed by the Lubrication Division of THe American So- 
CIETY OF MECHANICAL ENGINEERS and presented at the ASME-ARS 
Joint Aviation Conference, Dallas, Texas, March 17-20, 1958. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, January 
24, 1958. Paper No. 58—AV-14. 


Nomenclature 


The ball motion is specified by: 


6 


using conventional computation means. 


right-hand co-ordinate system with origin at the 
mass center of the ball and revolving about z 
at the radius e. 2’ is parallel to z. 

right-hand co-ordinate system with origin at the 
origin of xz’, y’, z’ and moving with z’, y’, 2’. 
U is directed along the axis of rotation of the 
ball about its own center. W is in the plane 
of U and 2’. 

cylindrical co-ordinates rotating with the ball. 

angle between W and z’ axes. 

angle between trace of uz’ on z’y’ and the 2’ 
axis. 


angle between z’ and z axes. 


The position of the mass element dm in the ball at location U, r, 
6 is related to the fixed co-ordinates z, y, z through 


1 normal ball load, Ib 7 = thrust load on bearing, 
20 co-ordinate systems de- Q = torque applied to bear- Ib 
a ied fined in text ing ring, lb in. a = semimajor axis of pres- 
u, 7, 0 Qr = frictional rolling mo- sure ellipse, in. 
Fy’, Fy’, Ft = forces directed along z’, ment, lb in. b = semiminor axis of pres- 
y’, 2’, lb Q, = frictional spinning mo- sure ellipse, in. 
M,’,M,’, M,’ = inertia moments about ment, lb in. c = parameter locating ef- 
xz’, y’, 2’, |b in. ,’ = friction moment about fective rolling radius 
K, E = complete elliptic inte- y’ axis, lb in. d = ball diameter, in. 
grals of first and sec- R = radius of deformed pres- e = operating pitch radius, 
ond kind sure surface in plane in. 

K,, K, = elastic constants for of major axis of pres- €& = design pitch radius, in. 
outer and inner race sure ellipse, in. f = ratio of race curvature 
contacts S,, = compressive stress at radius to ball diameter 

I, = polar moment of inertia co-ordinate, (z, y), lb k = ratiob/a 
of ball in.~? 
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These slippages give rise to friction 


: 

z',y',2' = 
U,r,0 = 
- a = : 
2 
as 


z =ecos @ + U(—cos a sin B sin @ + sin @ cos >) 
+ r(—cos B sin 6 sin @ + cos @ cos 6 cos d 
+ sina sin cos @sin @) (12) 
Treating a, 8, wg, and Q, as constants, two differentiations of 
Equations (10), (11), and (12) with respect to time yield expres- 


sions for the instantaneous accelerations of a mass particle of the 
ball as: 


# = rw,?|sin sin + sin cos B cos 6] (13) 


9 = 2wzg%,r(—cos B cos 6 sin @ — cos @ sin 6 cos @ 
— sin @ sin @ sin @ sin @) 
+ sind + U(—sin a sin @ — cos sin cos 
+ r(—cos B sin 6 cos @ — cos @ cos 8 sin @ + sin @ sin B cos 
cos + sin 6 cos @ — cos a@ cos sin 
+ sin B cos 9 cos (14) 


= 


2w,0,r(—cos 8 cos 6 cos @ + cos @ sin 6 sin @ 
— sin sin sin 6 cos 
+ 0,2|—e cos @ + U(cos @ sin B sin @ — sin @ cos >) 


+ r (cos 8 sin # sin @ — cos a cos 8 cos @ — sin @ sin B cos 


V r sin 6 


r cos 6 
cos acos — V sin B — 
cos asin B + V cos 


U sina + W cosa 


esin @ + y' cos 4 
ecos @ — y' sin @ + 


From Equations (1) through (9): 


xr = U cosacos B — r(sin 8 sin 8 + sin @ cos B cos 6) 


y e sin @ + U'(cos a sin B cos @ + sin 
+ r(cos B sin 6 cos @ + cos a cos Asin d — 


——— Nomenclature 


z’ cos @ 


sin @)| + sin sin @ — cos @ cos 6 cos 

—sina@sin cos @sin@) (15) 

For purposes of evaluating the forces and moments acting on 

the ball and referred to 2’, y’, 2’, @ ean be arbitrarily chosen. 
Setting @ = 0 and with material density a: 


r 2n 
-r 0 
r 
me 
Se 
0 0 


F,’ ér d6 dr aU 


W sin @ cos jr dr av’ 
W sin sin 


Fy zr d6 dr aU 


The moments about the x’, y’, 2’ axes are: 


sin 


sin @ + cos @ cos 


+ 2[U cos asin B + r(cos 8 sin 8 — sin asin 8 cos 8 


r Vr?-t? 2n 
0 0 


2{U' cos @ cos B — r (sin B sin 6 + sin @ cos 8 cos 8)]} 


Hu d6 dr aU’ 


(19) 
(10) 


M,’ sin @ + r cos cos 6} 


a@ sin @) 
sin a@ sin cos cos 


(11) 


(20) 


m mass of ball also used as 
nondimensional 


rameter 


pa- 


number of balls in bear- 
ing 

nondimensional 
rameter 


pa- 


radius of ball, in. 

effective rolling radius 
of ball, in. 

nondimensional parame- 
ter 

linear velocity, in. sec~! 

angles defining 
tion of wy 


direc- 


2 / MARCH 1959 


initial, mounted con- 
tact angle of bearing 
operating 


angular velocity of ball 
about its center, ra- 
x 


contact an- 
gles at outer and inner 
race contacts 

normal, elastic approach 
of ball and race, in. 

modulus of elliptic in- 
tegrals 

material density 


dians 

orbital angular velocity 
of balls about bearing 
axis, radians sec™! 


angular velocity of spin 
of ball on race, 
dians X sec™! 


absolute angular veloci- 
ties of outer and inner 
races, radians X sec ~! 
relative angular veloci- 
ties of outer and inner 
races, radians X 


ra- 


Other parameters as defined in text. 
Subscripts o and 7 refer to outer and inner 
races, respectively. 
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ait 
dm 
Vv Xx A 
Ve 
‘ 
x 
e 
| 
age \ 
| 
| 
ANS 
- 
Fig. 1 
Ust (1) 
2 
(3) 
y’ = 
8) 
z=2 (4) 
— 9) 
By = 
ws, n= 
= 
q = 
r’ = wo, = 
2,,2; = 
“ = 
a, B 


My = -o f" f, ff, —z[U cos @ sin B 
+ r(cos B sin 8 — sin a sin B cos 8)] + g[U cos a cos B 
— r(sin B sin + sin cos B cos dO dr dU (21) 


Upon performing the integrations there results: 


=0 (22) 
Fy =0 (23) 
Fy = meQ,? (24) 
=0 (25) 
= sin (26) 
My = —1,@,2, cos a sin 8 (27) 
where 
m = mass of ball 
7, = polar moment of inertia of ball 


Relative Motions of the Rolling Elements 


Fig 2 shows the contact of the ball with the outer race. The 
pressure surface is an ellipse of semiaxes a, and b,. The radius 


of curvature of the deformed pressure surface in the plane of the 
paper is R,. Because the ratio b,/a, is small the radius of curva- 
ture of the pressure surface in the rolling direction can be taken 
as infinity with little error. 

Assume that the ball center is fixed in the plane of the paper. 
Let the outer race rotate with the angular velocity w,. w,’ and 
w,’ are the components of the ball rotational angular velocity 
which lie in the plane of the paper. 

There is some radius, as r,’, which suffices for the determination 
of the relative translational velocities of ball and outer race. 
This radius is not necessarily restricted to points which lie on the 
deformed pressure surface if gross slip between ball and race 
occurs. 

According to Hertz: 


“fot 


(28) 
2f, +1 


Due to w, cos 8, a point (z,, y,) on the outer race has the linear 
velocity V,,. 


Vi, = —w, cos + VR, — 2,2 
cos 8, 


VR? — a,? + Vr - (29) 


OUTER RACE 
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+ Vr - a,?| w,cosB, (30) 
Due to w,’ cos 8, and w,’ sin 8, a point (z,, y,) on the ball has 
the linear velocity V2,. 
V2, = —(w,’ cos B, + w,’ sin B,) [V/R,? - z,? 


VR? a2 + Vr a,)] 


and the velocity with which the outer race slips on the ball in the 
Y-direction is 


(31) 


= Vio — Vig (32) 
Vy, = —ew, + (w,’ cos 8, + w,’ sin B, — w, cos B,) 


Due to w,’ all points within the pressure area have a velocity 
of slip, of race on the ball V,,, in the direction of the major axis. 
V., is taken as: 


V,, = —w,' [VR,? — 2,2 VR? a? 
Vr 
Due to the components of velocity which lie along the line de- 
fined by @, there is a spin of the race, w,,, with respect to the ball. 


(33) 


(34) 


w, = —w, sin B, + w,’ sin B, — w,’ cos 8, (35) 


A similar condition exists at the inner race contact as shown in 
Fig. 3. The pressure surface is an ellipse of semiaxes a, and },. 
R, is the radius of curvature of the deformed surface in the plane 
of the paper. As with the outer race contact the radius of curva- 
ture of the pressure surface in the rolling direction is taken as in- 
finity. 

In Fig. 3, 7,’ is the effective rolling radius which determines the 
relative translational velocities of ball and inner race. As with 
r,', r;’ is not restricted to points within the inner race pressure 
area if gross slip occurs. 

The radius of curvature R;, is 


(36) 


Due to w, cos 8, a point (z;, y;) on the inner race has the linear 
velocity 
Viz = ew, + +23 — 
+ Vr w, cos B; (37) 
Due to w,’ cos B, and w,’ sin 8; a point (2,, y;) on the ball has 
the linear velocity V4,. 
Vx, = (w,’ cos B; + w,’ sin B;) — 


VR? a,* Vr a,?| 


The velocity with which the inner race slips on the ball in the Y- 
direction is V,,. 


(38) 


(39) 
Vy = —ew, + (—w,’ cos B; — w,’ sin B; + w, cos B;) 
IVR -zi- VR? —a? + Vr a,?| 


Due to w,’ all points within the area have a velocity of slip of 
the race on the ball in the direction of the major axis. 


Due to the components of velocity which lie along the line 
defined by 8, there is a spin w,, of the race with respect to the ball. 


(40) 
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W, = w, sin B; — w,’ sin B; + w,’ cos B; (42) 


It is convenient to write the expressions for the linear velocities 
of slip and the angular velocities of spin in terms of the parame- 
ters a, 8, and wy. 

From Fig. 1: 


(43) 
(44) 
(45) 


Wp, cos a@ cos B 
cos sin B 
= Ws, sin 
Then, from Equations (33), (34), (35), (40), (41), and (42): 


Wp We . 
( —= cos a cos B cos 8, + —~ sin a sin B, — cos 3.) w, (46) 
w w 


w 
( cosasin B (47) 
W, 
= [2 cos a@ cos sin B, 
W, 


8 sin a cos 8B, — sin 2. w, (48) 


Vy, = + VR? - a,? + 


Wp Wp. 
——— cos a cos B cos 8; — — sina sin 8; + cos B; }w; (49) 
w, 


cosa@sin@ (50) 


Wp 
Oo; = | - — cos a cos B sin 6; 


+ “| sin cos 8, + sin a. | (51) 


At the effective rolling radii r,’ and r,’, on the ball, the transla- 
tional velocity of ball and race is the same. 
From Fig. 2: 


e 
—| —— +17,’ | @, cos 
cos B, 


= —r,'(w,’ cos B, + w,’ sin B,) 

(e + r,’ cos B,)w, 
= r,'(cos cos B cos B, + sin sin 
(e + 7,’ cos B,) 


r,'(cos cos B cos + sin @ sin 


From Fig. 3: 
€ 
- — r,’ | cos By = r,'(w,’ cos B; + w,’ sin B;) 
cos 


—(e — cos B,)w,; 


= r,'(cos a cos B cos B; + sinasinB;) (56) 


—(e — 1,’ cos 


r,‘(cos a cos B cos B; + sin @ sin B;) 
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R, = _ 
i 
(52) 
| 
(53) 
(54) 
(55) 
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INNER RACE 


Fig. 3 


For the outer race to be stationary the retainer must be given Q, = —%, (64) 
the absolute angular velocity 2, such that: : 
Then the outer race rotates with the absolute angular velocity 
Q, = (58) 2, 
P Then the inner race rotates with the absolute angular velocity. 2, =a, + 2, (65) 
Q; =o, + Q, (59) From Equations (54), (60), (64), and (65): 


From Equations (54) and (57): 


— 7,’ cos (cos @ cos cos 8, + sin sin 8,) 
r,/(e +7,’ cos B,) (cos a cos B cos + sin a@ sin 


o, = (60) 


~ and, from Equations (57), (58), (59), and (60): 
=— = (61) 


+ r,'(e — cos B,) (cos cos B cos 8, + sin @ sin 
P + r,’ cos B,) (cos a cos cos B; + sin @ sin 


—Q; 
wo, = -Q,=- (62) 
r,‘(e + 7,’ cos B,) (cos @ cos B cos 8; + sin sin 
r,(e — r,’ cos B;) (cos a cos 8 cos 8, + sin asin B,) 


= (63 
a cos cos 8; + sin @ sin + r, (cos @ cos cos 8, + sin sin 


(e — r,’ cos B,) (e + r,’ cos B,) 


Likewise, for the inner race to be stationary the retainer must be given the absolute angular velocity Q, such that: 
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‘ "y 
| 
CN 
CX 
‘ 
K 
. 

Wy! 

4. 
e 
| 
—__-- 
4 | 
NZ 
(Che 


Q, 


+ cos B,) 
r,/(e — cos 


-2, 


r,'(e 


‘ cos B,) 


r,'(e + r,' cos 


2, 


(cos @ cos cos + sin sin 
(cos a cos 8 cos 8, + sin @ sin B,) 


_ (cos @ cos os B ei cos 8, + sin a in a sin B,) | 
(cos a@ cos B cos 8; + sin @ sin B;) 


(66) 


(67) 


k ‘(cos a cos By + sin a sin 8.) 4 


(e + r,’ cos B,) ( 


Sliding Friction at the Pressure Surface 


Fig. 4 is an enlarged view of the pressure area at either race 
contact as viewed from outside of the ball. 


2 Due to the spin velocity w, and the linear slip velocities V, and 
4 V,, an element of area dA at co-ordinates (z, y) has a resultant 
- velocity of slip V of the race on the ball acting at the angle y with 
"es respect to the Y-direction. 

oe The friction force with which the race acts on the ball is dF, 
wa taken over the area dA, and is in the same direction as V. 

; The normal pressure is distributed over the elliptical pressure 
i area in accordance with: 
Sw = \ i- = (69) 
a b 

Pi With the coefficient is sliding friction u, dF is: 


Let 
r= aq (71) 
y = bt (72) 
3P,; —— 
dv Vi — — (73) 
2r 


The component of dF parallel to the Y-direction is cos y dF 
and, for the whole ellipse: 


V1 


The total force in the X-direction is: 


vi-@ 
V1 sin y dtdg (75) 


The moment of dF about the normal at the center of the pres- 
sure ellipse is: 


(74) 


Vi -¢ — t cos 


dQ, = pcos (y — 0) dF (76) 

With 

k = b/a (77) 
: dQ, =a V¢ + k*t? cos (y — 0) dtdq (78) 
; Integration over the whole ellipse yields: 

Vi-@ 
cos (y — 8) dtdqg (79) 


where 


6 = tan“ 
q 
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r,(cos @ cos cos B; + sin @ sin 


(e — cos B;) 


(68) 


dF 
da 
e 

Fig. 4 


The moment of dF about the y’ axis 


(81) 


dQ,! = 


Integration over the whole ellipse vields: 


Vi — y didg (82) 


The moment about an axis through the center of the ball, per- 
pendicular to the line defining the contact angle and lying in the 
plane of z’, z’ is: 


= —7?- Vk? —a?+ Vr - cos ydF (83) 


For the whole ellipse: 


-¥'-G) + -G)] 


V1 — cos y dtdq (84) 
The value of y is found from Fig. 4 as: 
pw, sind — V, 
any = 85) 
pw, cos 9+ V, 
tan y = (86) 
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De 
= 
wo = -2, = || 
+ 
¥ 
a+ 
Q 
¥. 
aw, 


Equilibrium Conditions 


Fig. 5 shows the moments acting on a ball. Fig. 6 shows the 
forces acting on a ball. 


From Fig. 5: 
—Qr, sin B, + Q,, cos B, + My 

+ Ori sin B; Os; Cos B, = 0 (87) 
—Qr, cos 8B, — Q,, sin B, + Qr; cos B; + Q,; sin B; = 


| 
& 


Fig. 7 


M,’ Qy, = 0 
From Fig. 6: 
—P, cos B, — Fz, sin B, + + sin B, + P, cos = 0 
P, sin 8B, — F,, cos B, + F,, cos B; — P; sin B; = 0 


Fy, + Fy, = 0 


In addition: 


T 


= P, sin B, — F,, cos 8, = P, sin 8; — F,; cos B; (93) 
n 


There is also a constraint imposed by the physical dimensions 
of the bearing and the elastic deformations at the ball and race 
contacts, 

Fig. 7 shows the initial and final relative positions of the ball 
center and the race curvature centers. 

In Fig. 7 B’ is the initial contact angle of the bearing. The race 
Fig. 5 centers are originally at (0) and (3) while the ball is at (1). 

When equilibrium is attained under high-speed conditions the 
inner race curvature centers has moved axially from (3) to (4), an 


amount 6,,.. The ball has moved from (1) to (2). These move- 
ments result from the elastic deformations 6, and 6, occurring at 
the outer and inner race contacts, 


KP 


6 ! 


95) 


Then: 


K P 
— 0.5)d 4 co B, 


+ E — 0.5)d 4 Joos = (f. + — 1)d cos B’ 


d' 


96) 


The pitch radius of the bearing is also a function of the dy- 
namical effects so that: 


K.P,” 
e=e,+ — 0.5)d + J eos B, 


= (fo — 0.5)d cos p’ (97) 


A final condition is that the input and output torques on the 


races of the bearing are equal and opposite. 
Fig. 6 The torque on the outer race is 
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RACE CURVATURE CENTER 
¢ 
) -@ 
oS 
\ 
(©) 
OUTER RACE CURVATURE CENTER 
| 
(89) 
(90) = 
(91) 
<>” (92) 
Po 
\ 
| 4 
\ 
F 
i 


and on the inner race: 


Q=n [ 


(99) 


— Q,, sin B, 


Then: 


Gane + Q,, sin B, 
— cos By) =0 


(100) 


The determination of the ball motion requires the evaluation of 
eight unknowns. These are: r,', r,’, a, B, P,, P,, B,, and 
The eight necessary simultaneous equations are as fo'lows: 

From Equations (87) and (88): 


—Qrz,(sin B, + cos B,) + Q,,(cos B, — sin B,) 
+ Qr(sin B; + cos — Q,(cos B, — sin B,) 
+My =0 (101) 
From Equation (89): 
— Quo — Qi = 0 
From Equation (90): 
—P, cos B, — F,, sin B, + F,’ + F,, sin B; 
+ P, cos B, 
From Equation (92): 
Fy, + Fy = 0 (104) 


From Equation (93): 


R 


+ 


a, y + r 
Ry R, 
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: “ (cos a cos B sin B, — sin @ cos B;) — sin B, 
Wp 


- 


-G 
AR 


Wp 
) | (cos a cos B sin B; — sin @ cos B;) — sin 6. | 


T 
— — P, sin B, + F,, cos B, = 0 
n 

From Equation (93): 


T 


n 


— P, sin B; + F.,; cos B; = 0 


From Equation (96): 


K.P,” 
— 0.5)4 + “| cos B, 


K,P;'/* 
+ [w — 0.5)d + ry) “| cos B; 
a’ 


~ (f, +f; — 1)d cos B’ = 0 (107) 


From Equation (100): 


lo 


— Q,, sin 8B; = 0 (108) 


The auxiliary equations for use with Equations (101) through 
(108) are, for fixed outer race and rotating inner race: 
(e + r,’ cos B,) 


r,'(cos a cos B cos B, + sin @ sin B,) 


2 (109) 


—(e r,’ cos B,) 
r,‘(cos a cos B cos B, + sin @ sin B;) 


AK 
e=e,+ [ f, —0.5)d + —*5 ic B, 


— (f, — 0.5) d cos B’ 


(cos a cos B sin B, — sin @ cos B,) — sin 6.| 


(110) 


(111) 


(112) 


(113) 


= 
2 Wp 
— (cos a cos B cos B, + sin a sin B,) — cos B, 
W, 


Wp 
[ - (cos a@ cos B sin B, — sin @ cos B,) — sin 8.| 


)'] |“: (cos a cos B cos B,; + sin @ sin B;) — cos a. | 
W; 


(115) 
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ie 

fa, 

+ 
e 

if 

- «= 

| 

F sin B 
| 

4 

| a, ( a, 

a R, R 
R, 
(114) 

f 
(:) 

R, 
a; 
R, 


Vie» 
- 
AwWeso 
tan Y, (116) 
qo = 


V1 — — cos y,dldg (129) 


For stationary outer race and rotating inner race: 


-Q 
tan ; (117 — > ——= (130 
Vue cos B cos B; + sin sin B,) 4 "(cos a@ cos sBe cos os B, + sin sin B,) 
: Ws; (e — r,’ cos B,) (e + r,’ cos B,) 
Yo F 4 r,'(e + r,’ cos B,) _ (cos @ cos B cos B; + sin sin 
ka. r,'(e — cos B;) (cos cos B cos B, + sin sin B,) 
6, = (119) (131) 
8 
— - = ra = 0,0000384d5 132 
= : V1 — qo? — t,? cos y, dtdq I, 15 
1 Vv /T=qo? 
(120) M,’ = 1,@,%, sin a@ (133) 
3P ‘1 My = - 
Fy; — 1,8 coe didq (121) cos a sin B (134) 
Fy = 0.000383d"2Q,2 (135) 
Fi, = — q,.? — t,? sin y, dtdg (122) a, = (136) 
1 
a, = 0.0045944K 4,(P,d)‘/* (137) 
F,, = V1 = — (123) b, = 0.0045944K,,(P,d)'/* (138) 
1 
b; = 0.0045944K,,(P,d)'/* (139) 
3P, — 
1 k, = (140) 
qe + k,%,? cos (y, — 8,) dtdg (124) 
b, 
1 


V + k 2,2 cos (¥; — dtdqg (125) 


V1 — — t,28in y,dtdg (126) 
V1l-q? R; 
a, \? l/r a 2 


V1 — — 8in y,dtdg (127) 


- 


Vi - qo? — t,2 cos y,dtdqg (128) 
_— a 
Qn, V1—qit qi R; 
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The solution of the eight simultaneous equations, Equations 
(101) through (108), using the related auxiliary equations, Equa- 
tions (109) through (141), cannot be attained analytically since 
closed form solutions of the double integrations cannot be ac- 
complished. However, iterative methods used in conjunction 
with a modern, high-speed, digital computer enable a numerical 
solution for any particular case by means of which the ball motion 
is completely defined. 


Solution When Gyroscopic Moment Is Negligible 


In many instances the gyratory moments M,’ and M,’ are 
small with respect to the frictional effects and can be neglected. 
Considerable simplification of the theory can then be made. 

If the gyratory effects are negligible the ball velocity vector 
Ws, in Fig. 1, lies in the plane of the paper and 6 and w,’ are zero. 

Then the expression for y Equation (86) becomes: 


tany = (142) 
aw, 


For any value of q, tan y can be expressed as: 


tan y = mt (143) 
where 
k 
(144) 
aw, 
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Vos 
oF 


The inner integrations, in t, of the double integrals may now be 
given in terms of the complete elliptic integrals of the first and 
second kind, as follows. 

From (74): 


> 
F,’ Vi — — cos dtdq 
Vi-@ 


Let: 
Vi-@ 
i, = f V1 (146) 
From Equation (143): 
. sec? y dy 
m 


Then: 


| tan? y 
i- see yd 
tan ~!(—m \ m*(1 — q?) 


Applying the transformation: 


V1 + m(1 = 


sin y= 


2(1 — q?) t dt 


Vi + m1 — q?) sin? 
1 + m*(1 — 


I, = 


(150) 


P 1+ m*(l — q?) 
“f Vv —Eldq (151) 


m? 


Then 


K and E are complete elliptic integrals of the first and second 
kind, respectively, and are functions of the modulus € 


mV1 - 


= = (152) 
V1 + m1 — 
In like manner, Equations (79) and (84) can be reduced to: 


1 
V1 + m*(1 — g*) 


Q, = - [(3mq — 2k)(K — EB) 
ms 


+ km*(1 — (153) 


Qe = 


| 
f \! - J ( Vi 
-1 


m? 


The g integrations in Equations (151), (153), and (154) are 
easily evaluated by use of a planimeter or Simpson’s Rule. 

In evaluating Equations (151), (153), and (154) it will be 
found that €? — 1 for some values of the variable g. Values of K 
are not readily obtained from existing tables when €? ~ 1 and 
the following relation, which is obtained through Landen’s Trans- 
formation, may be used to compute K and E. These relations 
are valid for 0 < €? < 1 and converge. rapidly. 
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* II (1 + «,) (155) 
1 


where 
i-Vi-é 
i+¢Vi-ée 


€*i-1 (158) 


+ Vi 


Solution When Gyroscopic Moment Is Negligible and Spin 
Velocity at a Race Contact Is Zero 


If 8 is zero and, in addition, the value of w, at either race con- 
tact is zero, the ball rolls in that race without relative spin. The 
rolling action is then similar to that occurring in a radial bearing 
under pure radial load. 

The necessary and sufficient condition that zero spin exists at 
the outer race contact is: 

esin B, 


tana = (159) 
cos B, +r,’ 


For zero spin to exist at the inner race contact: 


sin 
tana = (160) 
e cos B; — 


If 8 1s zero and zero spin exists at a race contact the forces and 
moments acting on the ball at that contact are obtained in a 
slightly different manner than previously. 

Referring to Fig. 2 or 3 it is clear that a line perpendicular 
to the contact angle and at the effective rolling radius r’ can pierce 
the contact surface at no more than two points. If 8 is zero and 
there is no spin at a race contact, these points and all points on 
lines through these points parallel to the direction of rolling, roll 
without slip. Let these points lie at z = +ca. 

The velocities of slip at other points within the pressure area 
are given by Equations (46) or (49) with 8 = 0 and @ defined by 
Equations (159) or (160) and distribute themselves as shown in 
Fig. 8. 

Between the lines +ca the velocity of slip of the race on the 
ball V, is in one direction and without the lines it is in the op- 
posite direction. Consequently the frictional forces act in op- 
posite directions within and without the lines as shown in Fig. 9. 

The net force in the Y-direction is: 


\ 
at dydz (161) 
2 


= — c* — 1) (162) 


When C = 0.3473(—) the value of F, is zero. The rolling 
radius r’ is related to ¢ through 


GY GY 
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ge 
| 
(145) 
(157) 
and 
Bd 
(149) 
and 
Fy 
and: 
? 
r’ 
(163) 


Vy 


ay 


When the ball rolls without spin with respect to a race the 
moment Q, is not generated by the rolling action at that contact 


though it may exist as a reaction to moments arising at the other 
contact. 


Fig. 9 


The moment Q, about an axis through the ball center and per- 
pendicular to the contact angle is: 


ca,ca b 
R Ve 


ba dydz (164) 


which vields: 
3PuR 
4 sin A 


(sin 4A; — 2 sin 4A.) 
16 sin? A, + Gr (, sin? i) | 


where the value of F, is given by Equation (162) and: 


[2 sin As cos As — sin A; cos A; 


sin A, R (166) 


sin A» (167) 
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The upper signs in Equations (162) and (165) apply when the 
value of V, from Equation (46) or (49) (whichever is appro- 
priate) for X = 0 is positive. 


Outline of Calculation Method When Gyroscopic Moment Is 
Negligible and the Ball Rolls on One Race Without Spin 


When the gyroscopic moment on the ball is negligible it will be 
found that the ball rolls on one race or the other substantially 
without spin. 

If the ball rolls without spin on the inner race the ball is said 
to have “inner race control.” If the ball rolls without spin on 
the outer race, “outer race control” exists. It is necessary to 
make an assumption as to the type of control before proceeding. 
Generally, if the centrifugal foreeon the ball is small, the control 
will lie with that race which has the greater eccentricity of pres- 
sure ellipse. However, a check is provided after computations 
are complete to verify the choice of control. 

Having chosen the type of control the solution proceeds as 
follows. We describe the method for the case of inner ring rota- 
tion and outer race control. Similar methods apply to the three 
other possible cases. 

As a first approximation assume that r,’ = ry’ = r for purposes 
of calculating the centrifugal force Fy’. 

Setting B = 0 and combining Equation (159) and Equation 


(62) and with r,’ =r,’ =r: 


Qe — r cos B,) 
— (168) 
e{l + cos — 


and F,’ is obtained from Equation (135) and (168). 
From Equations (105) and (106) with F,, and F,, equal to zero: 
P,= (169) 
zs n sin B, 
T 


P, = — 
nm sin B, 


(170) 


Then Equation (108) can be written: 


nd? 


ff + f; — 1) cos B’ — (f, — 0.5) cos B, — (f, — 0.5) cos -) 
K 
x. cot B, sin’? B, + cot B, B, 


(171) 


Substituting Equations (169) and (170) into Equation (103) 
and with F,, and F,, zero: 
mn = cot B, — cot B, (172) 
T 

A simultaneous solution of Equations (171) and (172) yield 
values of B, and B;. P, and P, are obtained from Equations 
(169) and (170) and the dimensions of the pressure ellipses from 
Equations (136) through (139). 

Now assume that the effective rolling radius r,’ at the inner 
race contact is defined by an assumed value of c¢, in: 
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| 
a Fig. 8 
Y 


Calculate the value of F,,;, Q,;, and Qa; from Equations (151), 
(153), and (154) through 


m V1 
= — 
V1 + — 9?) 


(174) 


ky 


+ 


“ is obtained through Equations (49), (51), (57), and (159) 
with B = 0. 
Using the thus obtained value of F,; obtain F,, from Equation 
(104). Then the value of c, which determines the effective rolling 
radius at the outer race contact is obtained from Equation (162): 


F,, = +Pu(3e, — — 1) (176) 


and 


Gey] 


The upper sign in Equation (176) applies if the value of V,, 
from Equation (46) with X = 0 is positive. For use in Equation 
(46) w,/w, is given by Equation (54) and w, by Equation (60) 
with 8 = 0 and a is given by Equation (159). 

The value of Qrz, may now be calculated from Equation (165). 

The value of Q,, which appears as a reaction from the moments 
generated at the inner race contact is obtained from Equations 
(87) and (88). 


Qs cos (B; B.) sin (B; B.) 


The value of the left side of Equation (108) is now obtained 
and, if different from zero, a new assumption of c; is made and the 
process repeated until Equation (108) is satisfied. The solution 
can be iterated using the thus obtained values of r,’ and r,’, and a 
corrected value of e from Equation (111), though the increase in 
accuracy is generally not sufficient to warrant the extra work. 

As a final check on the choice of the controlling race the magni- 
tude of Q,, from Equation (178) should be compared with the 


(178) 
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value of Q, from Equation (179) as calculated for the outer race 
contact. If Q,, from Equation (178) is less than that given by 
Equation (179) the controlling race was correctly chosen. 

If the motion of the race relative to the ball were to be reduced 
to a spin w, about the normal at the center of the pressure area, 
all other velocities being zero, the value of Q, from Equation (79) 
becomes: 


3Pya 


8 


E (179) 
where E is the complete elliptic integral of the second kind having 
the modulus 


(180) 


Q, from Equation (179) is the maximum value of spin moment 
that can be imposed at a race contact before actual spin occurs. 

The foregoing outline dealt with the particular case in which 
the gyroscopic moment was negligible, the ball was ‘‘controlled” 
by the outer race contact and the inner ring rotated. Similar 
procedures can be developed for other cases. 


The Value of the Coefficient of Friction u 


Throughout this paper we have assumed Coulomb friction. 
Actually the coefficient of friction is a complex function of a num- 
ber of variables. Among these are: The unit pressure and sliding 
velocities at different points within the pressure area, the nature 
of the contacting surfaces, the temperature, and the type of 
lubricant. The functional relationship between all factors is not 
known at this time. However, measurements of friction torque 
in actual ball bearings have shown good agreement with calcu- 
lated results using a coefficient of friction of 0.06 to 0.07. The 
lower value applies to highly finished, superprecision bearings 
such as used in precise gyro rotors. 

Calculations of friction losses and slip in certain types of fric- 
tion transmissions employing elliptical pressure areas have also 
shown good agreement with calculations based upon a coefficient 
of friction of 0.07. 
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m, = (175) 
a? 
at 
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A Variational Approach to Lubrication 
Problems and the Solution of the 
Finite Journal Bearing 


A general method is derived for the solution of the two-dimensional Reynolds’ equation. 
The method is applied to the solution of the full journal bearing of finite width with a 
continuous film and design charts are presented which describe the characteristics of this 


bearing. 


Introduction 


te APPLICATIONS OF HYDRODYNAMIC THEORY to prob- 
lems of lubrication are well known. Indeed, the basic equation of 
hydrodynamic lubrication may be traced back unchanged to 1886 
when Osborne Reynolds [1]! completed and published his analysis 
of surfaces in relative motion separated by a lubricant. Yet 
Reynolds’ equation has not been applied to many specific prob- 
lems due to the difficulty of finding a solution to this nonhomo- 
geneous second order partial differential equation. Although the 
one-dimensional solution has proved helpful in understanding the 
relationships existing between various bearing parameters, it has 
not proved to be very helpful in a quantitative analysis of the 
vehavior of an actual bearing. 
Several authors have reported numerical and analog solutions 


‘ Numbers in brackets designate References at end of paper. 
Contributed by the Lubrication Division and presented at the 
Semi-Annual Meeting, June 15-19, 1958, Detroit, Mich., of Tue 
AMERICAN Society oF MECHANICAL ENGINEERS. 
Nore: Statements and opinions advanced in papers are to be 


understood as individual expressions of their authors and not those of 
Manuscript received at ASME Headquarters, April 15, 
Paper No. 58—SA-54. 


the Society. 
1958. 


of the two-dimensional Reynolds’ equation. Cameron and 
Wood [2] used the relaxation method of Southwell, Needs [3] 
utilized the electrolytic tank as did Kingsbury [4], and recently 
Raimondi and Boyd [5] used finite difference equations in con- 
junction with computer techniques. 

The need for an analytical solution technique still exists, how- 
ever, and it is the purpose of this paper to present one such 
technique based upon the direct methods of variational calculus. 
This leads to series solutions for the two-dimensional problem. 


Variational Approach 


In this application of hydrodynamics to lubrication problems, 
the same assumptions stated in the usual derivation of Reynolds’ 
equation for an incompressible fluid are also made. Thus the 
viscosity will be assumed to be constant, the Reynolds number is 
assumed to be small, the film is continuous, and the film thickness 
is small as compared to other dimensions of the system. 

Under the assumptions stated, the following theorem regarding 
the motion of a fluid may be proved: 


Theorem I: Providing that inertia terms may be neglected and 
that the velocity components satisfy the continuity equa- 


Nomenclature 
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A = area, L? W, = work rate, (LF)/T q pressure variation, F/L? 
A,,, = series constants, nondimen- L/D = width to diameter ratio r = bearing width multiplier, L 
sional X = horizontal load per unit u; = velocity component, L/T 
C = radial clearance, L length, F/L Ui, U2, Us = velocity components along 
D = bearing diameter, L X,, X2, X; = co-ordinate axes X,, Xo, Xsaxes 
L = bearing length, L Y = vertical load per unit 6 = Kronecker delta and varia- 
M,; = journal moment per unit length, F/L tional delta 
length, F Y(t) = total vertical load, F € = eccentricity ratio 
M Xt) total journal moment, FL 4, = series constants, F/L? 6 = angle measured from 
M, bearing moment per unit bam = series constants, F/L? A(max) = 2,/R 
length, F e = eccentricity, L A = measure of pressure varia- 
M(t) total bearing moment, FL €;; = rate of strain component, tion 
N revolutions per minute 1/T we = viscosity, (FT)/L? 
P pressure, nondimensional f = coefficient of friction o = are length, L 
r load stress, F/L? h = film height, L ® = rate of dissipation, F/L?T 
Qs) side flow, L?/T ho = minimum film height, L @ = dimensionless axial co-or- 
Qa flux component, L*/T n; = unit outward normal dinate, 72/r 
R journal radius, L p = pressure, F/L? w = angular velocity, 1/T 
S; surface, L* P,j = stress components across [ = boundary curve, L 
S Sommerfeld number surface n, F/L? 
U velocity component of sur- Pi; = stress components, F/L* A symbol followed by (f) or (@) indi- 
face, L/T Po = pressureonboundary,@=0 cates that property of the finite and infinite 
V volume, = pressureonboundary,@=7 bearing, respectively. 
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tion, then the motion of a fluid will be such that the dissipa- 
tion within a region will be less than that of any other motion 
having the same velocity components on the boundary [6]. 


It is possible to modify and extend this theorem to encompass 
that case wherein surface tractions are specified over part of the 
boundary and velocity components are specified over the remain- 
ing part of the boundary. In this case, we may state the follow- 
ing theorem: 


Theorem II; Of all of the possible fluid motions within a region 
which are compatible with the equation of continuity and the 
prescribed boundary conditions, that motion which mini- 
mizes the excess of the energy dissipation over twice the rate 
at which work is being done by the specified surface tractions 
on the boundary, will be the true steady state motion [6]. 


In the following derivations subscript notation will be used. 
Summation of products is indicated by repeated subscripts and 
partial differentiation with respect to a co-ordinate is indicated by 
a comma followed by the subscript of that co-ordinate. 


= + + 1, 2,3 


Consider a volume of fluid V enclosed by a surface S. Let S 
= S, + S. where S, is that part of the boundary surface on which 
the surface tractions are prescribed and S, is that part of the 
boundary surface on which the velocities are prescribed. Then 
the rate at which work is done by the specified surface tractions 
per unit time on the fluid inside the surface is as follows: 


W, = PnjujdS (1) 


where p,,; are the components of the surface tractions at the sur- 
face element dS. 
The energy dissipated per unit volume per unit time is given by 


(2) 


where e,; is the strain rate tensor and y is the viscosity [7]. Thus 


the total energy dissipation in the volume V is ‘ PdV. 


According to Theorem II, the excess of this dissipation over 
twice the rate at which work is being done by the specified surface 
tractions is a minimum. That is 6J = 0 where 


and n, is the unit outward normal to the surface. 


Reduction for a Film of Small Thickness 


Consider a fluid domain contained between the x; = 0 plane 
and the 2; = A(x, rz) surface as shown by Fig. 1. It is assumed 
that 4 is small compared to the other dimensions of the domain. 
Let the boundary surfaces in the x; = 0 plane and the xz; = h(a, 
42) surface be S, On this part of the boundary, the velocity 
components are specified. Let that part of the boundary in the 
plane x; = 0 be designated by A and the bounding curve by I’, 
Let the remaining part of the boundary surface, S,, be a cylinder 
of base A with elements parallel to z;. Greek letters used as in- 
dexes will range from 1 to 2. Then xq is a set of plane Cartesian 
co-ordinates coinciding with x; and xe. 

An order of magnitude analysis (Reynolds’ approximation) 
shows that to the first approximation 
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= (4) 


Pu P2 = Pa = —p Pz = Pas = (5) 


Substitution of these values into equations (2) 2nd (3) reduces 
equation (3) to the form 


h 
J= + 2f, f, (6) 


The velocity components are given by 


-1 U 
= Qu P.ats(h — + - 


and the velocity gradients are given by 


8) 
2u h 


Ue3 = 


where Ug are the velocity components of the surface x; = h rela- 
tive to the plane z; = 0. By substituting equations (7) and (8) 
into equation (6) there results, 


h 
“ 1 
J = f f | P.aP a(h — 223)? 
| 


1 
— — pala(h — 2x3) + 


bh 
h 
+2f fel: 


Integrating over the film thickness gives 


Uar 
P.at&h — + j Nailrda 
t 


Ugh 
r PP 


The flux vector may be defined as 


h 
Q. = f 


Using equation (7) in expression (11), integration vields 


—h3 Uh 
Qa — Pia + = 


2 


Thus: 


hs 
A l2yu h r 


By applying Gauss’s theorem to the last integral, equation 
(13) reduces to 


(13) 


X3 = SURFACE 


= 0 PLANE 


Fig. 1 Fluid domain for a film of small thickness 
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Jj = P.aP.a + + 2pQa).a| dA (14) 
4 h 


A form of Reynolds’ equation is = 0 so that the final form 
for J is the following: 


J= P.aP.a + h +hpala|dA (15) 
A 


It is seen that J is composed of the known quantities, bearing 
area, film height distribution, viscosity, velocity of the moving 
surface, and the unknown quantity, the pressure distribution. 
Therefore it is only necessary to select the pressure distri- 
bution so that it satisfies the boundary conditions on the curve 
T and minimizes J. This pressure distribution is the solution 
of Reynolds’ equation. 


Natural Boundary Conditions 


The natural boundary conditions can be developed as follows: 
Let q be a possible variation on p and let \ be a measure of the 
variation. Then a possible pressure distribution is 


p + rq 


which satisfies the boundary conditions. Thus 


—hi Ula 
J(X\) = | (p + + 
aU h 


+ hU.(p + Aq) .| dA (16) 


If pis the proper value of the pressure, then 


(2 0 (17 
dX 


—h3 
= d.a(P + Aq).a thU ada} dA (18), 
dX 4 Op 
aX al Su Pate 


Integration by parts yields 


—h3 
Ou a Ou a 


+ dA =O (20) 


and 


By applying Gauss’s theorem to equation (20), 


he 
f Wa) qdA 
4 \ OH 
+f + ia) nagda =0 (21) 
r \ 


Since these integrals must vanish for an arbitrary variation in p, it 
follows that 
h 
= in A (22) 
a 
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and either 


= on I (23) 


or q = O in which 
case p is 


specified 


The normal flux across T may be written as [see equation (12)] 


Ugh 
Qala = P.atla + Ne (24) 


Thus the first of the boundary conditions in equation (23) is 
equivalent to 


Qata = 0 (25) 


Therefore the conditions under which J will yield a solution of 
Reynolds’ equation are as follows: 


1 The variation in pressure on the boundaries must be zero, 
i.e., the pressure must be specified along the boundary. 

2 If the variation in pressure is not zero, then the flux nor- 
mal to the boundary must be zero. In this case, the normal 
pressure gradient across the boundary must be equal to equation 
(23) where Ugng is the velocity component of the moving surface 
in the direction normal to the boundary. 


It may be noted that in most problems encountered, the pres- 
sures are specified along the boundaries. 


Solution of the Finite Journal Bearing 


The derived equations will be applied to the problem of the full 
journal bearing. Such a bearing with a diameter 22 and a width 
mr is shown in Fig. 2. The bearing surface is developed in a plane 
surface in Fig. 3 and a change in variable is made. 


= = 26) 


Fig. 2 Diagram of journal bearing 


Fig. 3 Developed bearing surface 
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The integral to be minimized is 
J= P.aP.a + mens + hpala|dA (27) 
al h 


where 


U, = Rw U; =0 (28) 


The assumed trial value of p(@, @) will be taken in the form of 
a linear pressure distribution across the bearing width which is 
superimposed upon a doubly infinite sine and cosine series, hence 


Pi — Po 
p= m+(™ )o 


+ sin nG(a,,, sin + b,, cos mB) (29) 


2. 
or: 2 


l o 
Pai = R m sin n@(a,,, cos — b,,, sin no) | (31) 


n=1 m=1 


| > n cos ND( sin m@ 


n=1 m=1 


(30) 


+ Dam no) | (32) 


The coefficients a,,, and b,,, must be determined so that they 
minimize J, The procedure will be to set the derivative of J with 
respect to the coefficients equal to zero. 


aL 


oJ 


The film height distribution is given by 


+hUe dA =0 (33) 


«) 
hUg Jaa =0 (34) 
Oy, 


OP. a) 


h = C(1 + € cos 6) (35) 


3e 
4 + xe) cos 6 


3e? 
+ — cos 20 + — cos 36} (36) 
2 4 
where C is the radial clearance of the bearing and € is the eccen- 
tricity ratio which is e divided by C. 
Consider the second term in the integral appearing in equation 
(34) 


OP. a) 


= —C(1 + € cos Awl sin k@ sin 10 (37) 


Therefore it is seen that for all k and / 


hUg = 0 
“a 


Equation (34) is homogeneous in the constants b,, which can only 
be satisfied by the vanishing of the constants. Therefore 


(38) 


by, = 0 (39) 


By similar calculations, the integrals appearing in equation (33) 
may be evaluated. Thus 
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Fig. 4 Pressure curves along the circumferential bearing center line. 
L/D = 4. 


a Oy; k 


= C(1 + € cos sin kd cos 10 (40) 


kisodd,l=1 (41) 


= 0 otherwise 


The first integral of equation (33) is evaluated and set equal to 
equation (41). By introducing nondimensional pressure and 
series coefficients defined as 


r\2 

(2) 
\R 

a c+} 

Ay = 


and the following quantities 
A =2+43e = 
4 
2 
Then the final form of equation (33) becomes 
A{ Ml? + + B{ MUL + 1) + 
+ B{MUl — 1) + Agia + C{MUL + 2) + Age 
+ — 2) + — C{MUL — 2) + 
+ D{MUl + 3) + + D{MUL — 3) + Anis 
— D{ Mil — 3) + k*}Ag-ts 
_ 
Tk 


= 0 


k is odd t(=1 (45) 


otherwise 


These equations were solved through the use of an IBM 704 digi- 
tal computer for a series of L/D values from 0.1 to 10 and a series 
of eccentricity ratios from 0.2 to 0.99. The equations were 
truncated so as to form an N by N matrix, the value of N being 
chosen such that the convergence of the coefficients was assured. 
The pressure distribution over the bearing surface was found by 
forming a grid over the surface and for every grid point computing 
the pressure from the following equation: 
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Fig. 5 Pressure curves along the circumferential bearing center line. 
e = 0.8. 


P - NONDIMENSIONAL 


- AXIS 
Fig. 6 Axial pressure distribution. = 0.8,0 = 144 deg. 


k=1,3,5 l=1 


Pressure contours of several selected bearings are shown in Figs. 
4to6. 


Equations for Bearing Characteristics 


After the equation for the pressure distribution has been es- 
tablished, all further characteristics of the bearing may be found. 
Each quantity determined will be for a bearing of specified parame- 
ters when operating at a specified eccentricity. 

Side Flow. The side flow for the journal bearing is found from 
the following formula: 


—h3 
Qs) = = Qana (47) 
0 


which reduces to 


Q(s)u(L/D) _ + 
C*Ap 24 


(48) 


It should be noted that the side flow is dependent only upon the 
existence of a pressure gradient across the bearing length. The 
net flow across the boundaries I arising out of the journal rotation 
is zero due to symmetry. 


Journal of Basic Engineering 


Load Capacity. The load capacity of the bearing is the total 
vertical force per unit width that the fluid film will support. 


R 2 7 Qe 
= (2) P sin 0d0 db 
\e 0 Jo 


which in dimensionless form reduces to 


Ruw \ R 
It will be seen that the load carrying ability is independent of the 
pressure distribution over the film boundaries, and is dependent 
only upon the pressure distribution arising out of the rotation. 
The horizontal load component X is found to be zero in all 


cases. Thus the locus of the journal center is at right angles to 
the load line. 


(3) f f Pecos (51) 
Tv ( o Jo 


Journal Moment. The moment about the journal is found by 
integrating the product of the radius and the shear stress (evalu- 
ated at the journal surface) over the area of the bearing. 


2 ” 
M,; = = f 
® Jo Jo 
ho { R\?— 
= or \C ra 


2 ™ 
M; = = f (1 + € cos sin nd cos mé 
0 0 


(49) 


(50) 


(53) 


20 
Rw 


In dimensionless form, the journal moment becomes 


M, (C Qn 1 
- - — = - A 55) 


n=1 


Bearing Moment. The moment taken about the bearing center 
may be found in a manner similar to the determination of the 
moment about the journal center with the exception that the 
shear stress is evaluated at the bearing surface. This bearing 
moment may also be found by considering a free body diagram of 
the system. It is seen that the difference between the moment 
about the bearing and the moment about the journal is the 
moment created by the vertical load component Y acting 
through the eccentricity. 


M, = M,; — YCe 


M, (C Qn — 
Ae 


n= 


(56) 
(57) 

Coefficient of Friction. The coefficient of friction of the journal 
bearing will be defined as the ratio of the frictional drag evaluated 


on the journal to the vertical load component. 


M 
(58) 


Ry 


In dimensionless form this reduces to 


1 
teV1 —@D— Aas 
n 


R 
f 
A 
n 
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Sommerfeld Number. [1 common use is the Sommerfeld number 
as a measure of the relationship between viscosity, load, and 
speed. 

uN 


(60) 


where P is a pressure term based upon the total vertical load Y(t) 
divided by the projected bearing area. 


Design Charts 


In the design curves which are presented, there are in general 
two charts required to express each bearing characteristic. The 
first of these charts is a plot of the ratio of the desired property of 
the finite bearing to that of the infinite bearing versus the width 
to diameter ratio of the finite bearing. The width to diameter 
ratio varies from zero to infinity in the plots. Each curve on the 
chart is for a specific eccentricity ratio. The second chart plots 
the desired property of the infinite bearing against the eccentricity 
ratio. The equations which express the characteristics of the in- 
finite bearing will not be derived, as they may be found in the 
literature. 

Load Capacity Curves. Fig. 7 shows the ratio of the load capacity 
of the finite bearing to that of the infinite bearing. 


(61) 


Y(f) 


¥(o) 


The companion curve, Fig. 8, relates the load capacity of the in- 
finite bearing to the eccentricity ratio. 


(62) 


\R K2+e)VYi-e 


The relationship between these two plots may be shown as fol- 
lows: It is seen that equation (61) is a function of both eecen- 
tricity ratio and series coefficients and that equation (62) is a 
function of eccentricity ratio alone. 


(63) 


R\2 
= wRN (*) g(€) 


Therefore the finite bearing property can be Jexpressed as 
{Rr 
Y(f) = wRN C Sle, Anadg(e) (64) 


which is the correlation between the two graphs. 
Moment Curves. Fig. 9 shows the ratio of the journal moments 
of the finite to the infinite bearing against the eccentricity ratio. 


— 1 
Mff) _ n (65) 


In Fig. 10 4 set of curves is shown for the bearing moment ratios. 
‘ 1 
(2 + —eV1 — &2 — 
MAS) n (66) 
= 6 


— e*) 


The moment curves, both journal and bearing, for the infinite 
bearing are shown in Fig. 11. 
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Fig.7 Finite to infinite bearing load ratio curves 
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Fig. 8 Infinite bearing load capacity curve 
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Fig. 9 Finite to infinite bearing journal moment ratio curves 
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Fig. 12 Finite to infinite bearing coefficient of friction ratio 


Fig. 10 Finite to infinite bearing bearing moment ratio curves 
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Fig. 11 Infinite bearing journal and bearing moment curves Fig. 13. Infinite bearing coefficient of friction curve 
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Mf{o)({C 241 + 2?) __. The coefficient of friction of the infinite bearing for various ec- 
\R 15(2 + V1 centricity ratios is shown in Fig. 13 


R 1 2e? 
n=) (4) - (70) 


3e 
(68) 


R 


15(2 + 


The same type of relationship exists between these curves as in 
the load capacity. 

Coefficient of Friction. Fig. 12 illustrates the manner in which the 
ratios of the coefficients of friction vary with the L/D ratio. It is 
expressed as 


8 88 888 


+ — — Ana 
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Fig. 16 Ratio of minimum film height to radial clearance versus Sommer- 
Fig. 14 Finite bearing rate of end flow curve feld number 
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Fig. 15 Sommerfeld number versus eccentricity ratio for finite bearing 
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The relationship of Fig. 12 to Fig. 13 is analogous to those cases 
previously discussed. 

Flow. The side flow resulting from a pressure gradient across 
the bearing width is shown in Fig. 14. 

Sommerfeld Number. The variation of the Sommerfeld number 
with eccentricity ratio for various L/D ratios is shown in Fig. 15. 
These were computed through the use of equation (60). 

Minimum Film Height. For the full journal bearing, the minimum 
film height ho occurs when 6 = @ and may be expressed as 


(71) 


This ratio is shown in Fig. 16 as a function of the Sommerfeld 
number. Thus if minimum film height is to be used as a design 
criterion, its variation with L/D can easily be found for any 
operation specified by a Sommerfeld number. 
Power Loss. The power loss due to the shear stress distribution 
over the journal surface is given by 
(12)(33,000) (72) 


= (1.587 X 10°*)NM 
where N is in rpm and M ,(t) is the total journal moment in Ib-in. 


Discussion 


In the case of the full journal bearing of finite width and a con- 


100 


tinuous film, the pressure distribution is seen to be antisym- 
metrical about the line of centers axis. 

In Fig. 4 are shown pressure curves along the circumferential 
center line of a bearing with an L/D of 4 when operating at ec- 
centricity ratios of 0.2, 0.4, 0.6, and 0.8. The pressure variation 
along this center line as the L/D ratio varies rather than the 
eccentricity is shown in Fig. 5. The manner in which the pres- 
sure drops across an axial section is illustrated in Fig. 6 where the 
L/D ratio varies from 4 to 0.25 

The load capacity curves of Fig. 7 illustrate the manner in 
which the load ratio decreases as the L/D ratio decreases. This 
follows directly as the result of the manner in which the pressure 
drops to atmospheric on the bearing boundaries as the L/D ratio 
decreases. One item should be mentioned in regard to the rela- 
tive decrease in bearing capacity as the width is reduced. Al- 
though the relative load capacity decreases as the width is de- 
creased for a fixed operating eccentricity ratio, the original load 
ratio may be maintained or increased by increasing the eccen- 
tricity ratio. Thus the load ratio is not fixed by the bearing 
geometry but is dependent upon the operational geometry of the 
unit. 

In Fig. 12, which shows the coefficient of friction curves, it is 
found that the coefficient of friction continuously increases as the 
L/D ratio decreases. The greatest deviation from the friction co- 
efficient of the infinite bearing is for the smaller eccentricities, the 
higher eccentricities approaching more closely to the frictional 
value of the infinite bearing as shown in Fig. 17. This may be 
explained in that, as the L/D ratio decreases, the journal friction 
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Fig. 17 Coefficient of friction versus Sommerfeld number 
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decreases at a lesser rate than the vertical load capacity. At the 
higher eccentricity ratios, the load ratio decreases less rapidly and 
consequently the friction coefficient ratio is more nearly equal to 
the infinite bearing. 

The manner in which the journal friction varies may also be 
seen from Fig. 9 which shows journal moment ratio curves. 

Side flow in the finite bearing with a continuous film has been 
shown to be independent of hydrodynamic factors and dependent 
only upon a pressure difference on the two boundaries. The 
flow curve of Fig. 14 shows an increasing rate of flow with an in- 
creasing eccentricity ratio and a decreasing rate of flow with an 
increasing L/D ratio as might be expected. 

The variation in the Sommerfeld number with eccentricity 
ratio for various L/D ratios is shown in Fig. 15. The utility of 
this number is best explained as a means of describing bearing 
operation through the convenience of a single dimensionless 
group of bearing parameters. This number may also be used as 
an indication of whether conditions are met for “thick’’ or ‘thin’ 
film lubrication. The ramification of these curves lies in the 
following observation: If a bearing is to operate at a specified 
Sommerfeld number, then a decrease in the L/D ratio forces the 
bearing to assume a greater eccentricity ratio. This follows from 
the decreased unit projected pressure resulting from the de- 
creased L/D ratio. 

An important factor in bearing design is the minimum film 
height which is established during operation. The ratio of mini- 
mum film height to radial clearance is shown against Sommerfeld 
number for a series of L/D ratios in Fig. 16. If a specified mini- 
mum film height is to be maintained as the L/D ratio is decreased, 
then the bearing must be operated at an increased Sommerfeld 
number. This may take the form of either a reduced load, an in- 
creased speed, or a lubricant of increased viscosity. 
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DISCUSSION 
W. A. Gross? 


The author has presentd a valuable addition to the literature 
of film lubrication. His well-written paper stands with that of 
Muskat and Morgan’ whosolved the classic Reynolds’ equation for 
a finite journal bearing considering a lubricant-supply source to be 
present. The present paper is more complete than that of Weber‘ 
who also uses variational methods to arrive at a different form for 
the pressure solution. Weber apparently found it necessary to use 
hand-calculated numerical results. A great value of the present 
paper is the clear presentation of results. It would be revealing 
to have explained the effect of L/D and € upon the number of 
coefficients which had to be calculated as well as an idea of the 
truncation error. A listing of coefficients would be valuable. 

It is to be hoped that, since lubricating films may extend for 
more or less than 180 deg, a better approximation to the boundary 
conditions (e.g., pressure gradient vanish, when the pressure in 
the trailing film falls to ambient) may be handled. 

The author mentions that the friction coefficient approaches 
more closely the Petrov value with increasing eccentricity as 
shown in Fig. 17 of the paper. This figure appears to illustrate 
the fact that f(f)(R/C) approaches f(@) as L/D Addi- 
tionally, it is the coefficient of friction, not the friction which 
varies inversely with L/D. 

Theoretical solutions are desirable se that general character- 
istics may be observed. Nevertheless, it is often possible to ob- 
tain numerical solutions to a difference equation which represents 
the basic differential equation 

For example, Christopherson,® Raimondi and Boyd,‘ and others 
have demonstrated convincingly the value of obtaining numeri- 
cal solutions to Reynolds’ difference equations. 

Our computational staff has obtained pressure profiles for the 
journal bearings studied by the author for which € = 0.8, L/D = 
0.25, 0.5, 1, and 4. An IBM 650 digital computer obtained re- 
sults, using a 12 by 6 grid. Computation time was 15 min for 
each solution. Resulting center line profiles are shown in Figs. 
18 and 19. Comparison with Figs. 5 and 6 reveals excellent 
agreement. 

There is an important question regarding the point at which 
high-speed computers should be applied to analysis (and synthe- 


sis). In this case, for example, the author found it desirable to 


‘truncate his solution, then to solve mechanically an n X n matrix. 


This involves a certain error. It was again desirable to use a 
computer for evaluating magnitudes. 

The discusser found it to solve to a 
accuracy the Reynolds (which 
mates the differential equation which approximates the bearing 
The errer, or deviation, from the true results, is 


convenient specified 


difference equation approxi- 


physies). 
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Fig. 18 Pressure curves along the circumferential bearing center line, 
«= 0.8 


simply introduced earlier in the game. A significant advantage 
is the comparative ease with which complications such as a 
variable viscosity, density, cr unknown boundary extents may be 
introduced. In this case, it has a minor disadvantage in that 
sufficient finite-difference points must be obtained to evaluate 
the pressure gradient with the desired accuracy to allow deter- 
mination of frictional forces. 


Author's Closure 


The author would like to express his appreciation to Dr. Gross 
for his comments on this paper and for comparing the pressure 
curves with his data obtained by solving the finite difference 
equations. 

At the time this paper was prepared there appeared to be a 
space limitation that precluded the insertion of any information 
on the behavior of the coefficients as a function of the L/D ratio 
and the eccentricity ratio €. Since the bearing characteristics 


presented all contain the summation Aaa, nm = 1,3,5, _N, 
n 
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Fig. 19 Axial pressure distribution, « = 0.8,0 = 144 deg 


some insight into the behavior of the coefficients can perhaps be 
obtained by observing the leading coefficients A,..: 


1 L/D Ol € =0.1; Aya = 0.008, Ayn = 0. 00000005 
€ = 0.95; Aina = 0.85, Agu = 0.00001 


2 L/D 10 € =0.1; = 0.7, = 0.0005 
€ = 0.95; A,. = 15.87, Aw. = 0.09 


In solving for the coefficients, a 20 * 20 matrix was used for 
eccentricity ratios up to 0.9 and a 40 X 40 matrix was used 
for larger values. This was necessary due to the behavior of 
the matrix as the limiting value of 1.0 for € was approached. 

The problem of boundary conditions which would allow a 


pressure distribution to extend over an are greater or less than - 


180 deg is pertinent indeed. The boundary conditions in this 
analysis were used because of a lack of proof as to the correctness 
of the often used conditions of zero pressure and pressure gradient. 
t is felt that a great deal more work is required in this field and 
when the correct boundary conditions are available then their 
incorporation into the present problem could be effected. 
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On the Necessity of Unsteady Flow 
in Fluid Machines 


It is shown that work can be done on, or by, a fluid in a frictionless flow process only if 
the flow is unsteady. The implications of this conclusion in the analysis of fluid 
machinery, and provisions which must be made in analysis to account for unsteady 


= purpose of this paper is to demonstrate that the 
flow in frictionless fluid machines must be unsteady if work is 
done on or by the fluid. This fact has great significance in any 
analysis of these devices, since unsteady terms must be included 
in the momentum, continuity, and energy expressions applied 
through the impeller, rotor, or cylinder of the machine. The un- 
steadiness governs the limits reached in certain idealizations of 
these devices. Also, in measurement, the recognition of the flow 
unsteadiness is important in selection of instruments and inter- 
pretation of data; utilization of unsteady properties also might 
offer new measuring techniques. 

The analysis leading to equation (30) in this paper is not origi- 
nal, It may be found in German in “‘Technische Stromungslehre”’ 
by B. Eck.! However, as far as the author knows, the analysis 
is not available in English and its implications have never been 
discussed in the literature. 

In order to illustrate the importance of transient effects an 
apparent paradox will be described first. Then the resolution of 
this paradox will be given through a development of the relevant 
general theory of unsteady flow. 

Consider the flow of water through a steadily operating, hy- 
draulic turbine as shown in Fig. 1. 

This machine may be imagined to be a frictionless, reversible, 
adiabatic device without compromising the conclusions. Now, 
for the control volume shown a common result from the steady- 
flow-energy equation of thermodynamics may be written 


W, = —A(g/goH) (1) 


This equation states that the shaft work per pound of water, W,, 
is equal to the decrease in head, g/goH, as the water flows through 
the turbine. The head of the fluid is defined as 


! Julius Springer, Verlag, Berlin, Germany, 1957, p. 50. 

Contributed by the Fluid Mechanics and Compressor Subcommit- 
tees of the Hydraulic Division and presented at the Semi-Annual 
Meeting, Detroit, Mich., June 15-19, 1958, of Tae American So- 
CIETY OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at AS}IE Headquarters, April 24, 
1958. This paper was not preprinted. 
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Fig. 1 


Schematic of a water turbine 
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flow, are discussed. 


Cc? 
290 


9/9H = + g/goz (2) 


where 

head (in length units) 

static pressure 

density 

velocity (in Newtonian space?) 

elevation above a datum plane 
acceleration of gravity 

proportionality constant in Newton’s law 


San 


Inserting (2) into (1) gives 


(2 

W,=-A (2 (3) 

In order to combine the variables p, C, p, and z in (3), Bernoulli’s 

equation is utilized for this frictionless, incompressible flow; it 

states that 


A (2 + — + s/s) = Ag/goH = 0 (4) 
Upon substitution of (4) into (3) it is discovered that 
W,=0 (5) 


In other words, the turbine can produce no shaft work. 
Experience indicates that this conclusion is wrong. Where is 
the error in analysis? 


Fundamentals 


It must be concluded from this conflict that either the steady- 
flow-energy equation (1) for the control volume or Bernoulli’s 
equation (4) is wrong or misapplied. Both equations will be re- 
examined starting from their restrictions of derivation 


Restrictions 
Steady flow energy equation Applied through this machine 
1 Incompressible yes 
2 Steady 
3 Frictionless yes 
4 Adiabatic yes 
Bernoulli 
1 Incompressible yes 
2 Steady ? 
3 Along a streamline ? (what hap- 
ns as the 
lades chop 
up the 
stream- 
lines?) 


4 Frictionless yes 


2 Any space where: F « Ma, 
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Fig. 2 


From this examination, the question of flow steadiness arises 
with both equations. 

In the sense of the flow-energy equation, the flow is steady, for 


0) over measuring times of several revolutions. Therefore, re- 


no energy is accumulating inside the control volume 


striction 2 of the steady-flow-energy-equation tabulation can be 
answered ‘“‘yes,’’ clearing that equation and its result, that the 
shaft work is finite. 

But, in the sense of the Bernoulli equation, is the flow steady? 
The Bernoulli equation will be rederived in an attempt to answer 
this question. 

Consider a particle of fluid dA in cross-section area, ds in 
length, and of unit depth as shown in Fig. 2. Newton’s law states 
that the sum of all the forces acting thereon in the s or streamline 
direction must be proportional to the particle’s mass times its ac- 
celeration in that direction or 


i 
ZF, = — Ma, (6) 
go 
The sum of the forces in the absence of shear is 
SPF, = —— dedA — g/go — (pdsdA) (7) 
os os 
net pressure force gravity force 
The mass of the particle is 
M = pdsdA (8) 


The acceleration is equal to the particle’s time rate of change of 
velocity as we follow the particle, for Newton’s law applies only to 
a particle of fixed identity. A special derivative sign D called the 
“substantial derivative’’ is used to indicate that the particle is 
being followed or 


DC 


(9) 


Since the particle velocity C is in the s direction, the acceleration 


in the s direction a, is equal to the time derivative of C. Then 
combining (7), (8), and (9) 
DC _ op , (10) 
go Dt p os “— Os 


Now. the particle's velocity can be thought of in terms of a velocity 
field at each point of which the velocity is different at any in- 
stant and is changing with time. The particle is visualized mov- 
ing across this field; over a length of time At the particle moves 
from point a to point b. The difference in the particle’s velocity 
when at point b, as compared to its velocity when at point a, can 
be thought of, approximately, as the difference in the velocity of 
the field between b and a, at the instant of time when the particle 
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is at point a, plus the change in field velocity of point b during 
the time it takes the particle to travel from atob. In other words, 
indicating the particle velocities by C and the field velocities by 

(11) 


C, = + (C,’ = <0 


Dividing by the time At and replacing the second term on the 
aA 


right-hand side by — where As is the distance between a 
8 


and b 


9 
At At At As — 


Then letting At + 0 which causes a and b to be separated by an 
infinitesimal distance (for finite velocities) and, therefore, As —~ 0 


and —_ C, there is in the limit an exact expression for the 


particle’s acceleration 
dC dC’ 


13) 
dt dt ds 


But, since the first term on the right was the time rate of change 


of velocity at one point in space, b, the partial derivative - should 
dc’ 

be written instead of ry to indicate this fact. Likewise, since 

the second term on the right was written for a given instant in 


d 
time (t = 0) this term should be written C rather than C 


d( 
to indicate this fact. Also the term on the left ry is for the par- 


ticle which is given the special symbol Di as mentioned before. 


Since the special derivative D has been adopted, all other deriva- 
tive symbols can be stated to refer to the field and the primes on 
C can be dropped without much confusion. 

For particle : _For field 
DC 


= + : (14) 


- 


ata point at an instant in time 


Combining (14) with (10) gives an equation relating changes in 
velocity C, density p, pressure p, and elevation z to position along 
the streamline s and the time ¢ 


1 / oC , oC 1 Op 

go \ Ot Os p os 
Now, to obtain a closed-form relation between pressure, elevation, 
velocity, and density, these properties must be made dependent 
on only one variable. In general, the properties depend on three 
space co-ordinates and time. 


which makes 0C'/ot = 
time. 


oz 
+ g/go Be = 0 (15) 


First, time will be eliminated, 
0, and all other properties independent of 
If, in addition, there is integration only along streamlines 
so that changes normal thereto do not appear, two space varia- 
bles can be eliminated reducing the properties to dependence on 
In this condition, the partial derivatives 
can be replaced by total derivatives or 


only one variable, s. 


l dC ld dz 
C + 9/Go 


= 0 
Jo ds p ds ds 


(16) 


Canceling ds, simplifying, and rearranging into familiar order 


dC? 
— + 9/gdz =0 


dp 
+ 


(17) 
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Euler's Equation is obtained. If the density is constant, it is 
possible to integrate along the streamline immediately giving 


A(p/p + C*/2go + g/goz) = 0 (18) 


which is Bernoulli’s Equation. 

From this derivation we learn that both Euler’s and Bernoulli’s 
equations are limited to applications where: (a) They are applied 
only along streamlines, (b) the fluid properties and velocity in New- 

tonian space at any point in the field are invariable (ie, = = = = 


The latter restriction defines steady flow as far as 


ot 
Kuler’s and Bernoulli’s equations are concerned. 

Now returning to the water turbine or any other fluid machine 
that does not depend upon friction forces to do its work, our ex- 
perience tells us that, if we stand and observe the rotor or piston 
at a point stationary relative to us in Newtonian space, the fluid 
properties and velocity will not be constant in time. As the blades 
of a turbine move past the stationary point, first the high-velocity 
low-pressure region on the blade’s suction surface passes, then the 
relatively lower velocity and higher pressure on the blade’s pres- 
sure surface, At a point on the casing above the tip of the rotor 
blades, the velocity and pressure violently fluctuate in time. So, 
too, do the velocity and pressure at a stationary point in a re- 
ciprocating compressor or internal-combustion engine, or in any 
other fluid machine that does not depend upon friction forces 
to do its work. 

Experience and the restrictions on Euler’s and Bernoulli’s equa- 
tions lead to the conclusion that those equations cannot be applied 
through a fluid machine in which shaft work is done on or by the 
fluid. The generality of this statement will be proved, thus re- 
solving the paradox discussed in the introduction. 


Analysis of the Flow in a Fluid Machine 


Since steady flow, in the sense that the fluid properties and 
velocity at each point are invariable, is not a tenable assumption 
for analysis of fluid machines, particularly since it would lead to 
the embarrassing conclusion that the shaft work is zero, the un- 
steadiness of the flow must be included in the analysis. Accord- 
ingly, relations between the work done on the fluid and the un- 
steadiness of the flow will be constructed. 

Stagnation enthalpy ho is defined in Newtonian space as 
p ("2 q 


+ =u + + + 


ho =h + 
240 p 240 


where 
u = internal energy of the matter in the absence of the effects 
of motion, gravity, capillarity, electricity, and mag- 
netism. 


There may also be written for any kind of process in a pure sub- 
stance? 


Tds = du + pdv (20) 
where 

7 = temperature, absolute 

8s = entropy 
1 


p 
and for a reversible (implies frictionless) process‘ 


Tds = dQ 


Keenan, “Thermodynamics,” p. 85. 
‘Tbid., p. 83. 
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where Q = heat. If in addition, the process is adiabatic 
dQ = 0 = du + pdv 


Differentiating ho, yields from Equation (19) 
dho = du + - dp + pdv + — dC? + — dz 
p 290 Jo 
or combining with Equation (22) to eliminate du + pdv 


g 
= ~dp + dC? + — dz (24) 
p 


= Jo go 


Then, if it is desirable to look only at changes in the direction of 
the streamline, 


1 oc? 


290 Os 


Os p os 


go Os 


This equation may be combined with Newton’s law (15) to give 


finally 
1 oc 


- for reversible, adiabatic flow. 
go Ol 


(26) 
This equation states the surprising fact that, in a frictionless 
adiabatic flow (compressible or incompressible), the spatial rate 
at which the stagnation enthalpy (or head, in an incompressible 
flow) is changing in the direction of the instantaneous velocity at 
a point is proportional fo the lime rate of change of fluid velocity of 
the field at that instant, at that point. In other words, if the flow is 
steady, 0C/dt = 0; the stagnation enthalpy ho is constant along 
streamlines, and the steady-flow energy equation 


-W, = ho, ho, 


where the subscripts 1 and 2 represent two stations along the 
streamline, indicates again that the shaft work must be zero. 

Equation (26) turns out to be rather difficult to use in practice 
since the direction s is constantly changing as the streamline lashes 
about in an unsteady flow. This difficulty can be avoided 
by dealing with the rate of change of a particle’s stagnation 
enthalpy as it is followed along. Such ‘‘following’’ brings in again 
the substantial derivative D, which is expressed as a result of 
arguments similar to those leading to equation (14) by 

Dho Oho Oho 


C - 28) 
Dt ot + os ( 


The second term on the right is given by Equation (26) while the 
first on the right is easily obtained from Equation (23) by con- 
sidering changes in time only at a point 

oho 1 Op C ow 


= + + 
ot p ol go Ot 


g Oz 


(29) 


The 02z/dt term will be ignored, since a point stationary in New- 
tonian space cannot change elevation z in the earth’s gravita- 
tional field. Then combining equations (28), (26), and (29), 


= for reversible, adiabatic flow. 
Dt p at 


(30) 


For an incompressible fluid, since 
ho 
then 


D(g/goH) _ 1 Op 


32 
Dt 
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(22) 

| 

Oho _ 1 Op (25) 

(27) 

| 

(21) 


These expressions state that the rate at which a particle’s stagna- 
tion enthalpy (or head) changes with time is proportional to the in- 
stantaneous rate of pressure fluctuation at the point where the 
particle finds itself al any given time. 

Thus if work is to be done on the particle by pressure forces in 
order to change its stagnation enthalpy (or head), the pressure must 
fluctuate at a point and the flow is, as a consequence, unsteady. 
If shear, electrical, magnetic, or capillary forces are utilized to do 
work on the particle, the flow may be steady. 


Physical Interpretation 


If a hole were bored through a turbine casing directly above the 
rotor blade tips, and the pressure were measured there, something 
like Fig. 3 would be recorded. 

This pressure trace results from the pressure field of the blades 
moving under the pressure-tapping hole. Looking at the trace, it 


can be seen that is negative. This fact, according to Equation 


(30), implies that the stagnation enthalpy of the fluid particles 
passing through the turbine is decreasing. This conclusion is 
known to be true for a turbine. 

In an axial compressor, the reader can construct a similar argu- 
ment and arrive at a conclusion exactly reversed from the turbine 
case above 


To drive home the theoretical arguments given, a ma- 
chine, say a centrifugal blower, will be analyzed in just the 
reverse fashion to the preceding development. Imagine a blower 
doing work steadily on a flowing gas. The only means that the 
rotor has at hand to impart those forees which do the work on the 
fluid is through a local pressure difference between the two sides 
of each impeller vane. For simplicity, assume that the pressure, 
high on the driving vane face and low on the trailing face, varies 
linearly in the tangential direction across the space between the 
vanes. Then, as the rotor turns by, stationary observers note 
that the pressure varies relative to them. In fact, if the pressure 
difference across the blade is Ap and the time between vane pass- 
ings is 


1 
a= (7) (33) 
where 
r = radius of the observation point from the center of rota- 
tion 
Z = number of blades 
Q = angular velocity of impeller in radians/sec 


then the rate of pressure variation Op/Ot is 


op Ap (Ap)Z2Q 
a At 


Now consider the mass particle of fluid ds, dn, 


shown in 


Fig. 4. The net torque about the axis acting upon this particle 
in the direction of impeller rotation is 


=r = (Ap)rdsdn (35) 


®’The pressure must fluctuate at a point stationary in the co- 
ordinate system relative to which we measure work and stagnation 
enthalpy (or head). Conventionally, this would be relative to the 
machine easing. Relative to the machine rotor (i.e. to an observer 
riding on the rotor), if the relative flow is steady, then no work can be 
or is observed by the rotating observer. If the relative flow is un- 
steady (e.g., due to the disturbances of stationary upstream or down- 
stream blades, struts, and so forth), the rotating observer will see 
work done, although a different amount than the stationary observer. 
It is also interesting to note that the rotating observer would regard 
the stators as the work-producing elements of the machine. 
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Fig. 3 Schematic of the pressure variation with time at a casing pres- 
sure tap in a turbine 


MERIDIONAL VIEW 


PLAN VIEW 


Fig. 4 Centrifugal compressor impeller 


where Ap is the pressure difference across a vane at radius r. The 
rate at which work is done on the particle by this torque is 7. 
This power applied to the particle equals the rate at which the 
particle’s stagnation enthalpy (or head) is increasing in adiabatic 
flow according to the first law of thermodynamics or 


Dho (Ap)rdsdnQ 96 
= (30) 
Dt pdsdn 2ar/Z 
which is divided by the particle mass, since ho is the stagnation 
enthalpy per unit mass. 
Then, on combining (36) and (34), it can be seen again that 
Dh 1 Op 
= : (37) 
bt p ol 
This is exactly the expression derived before from more abstract 
(but more exact) considerations. Thus, if work is done on or by 
the fluid, it must be exposed to boundaries which impose a net 
pressure force and which must move creating by their motion 
a pressure that fluctuates in time at a stationary point. 


Some Further Considerations 


When idealizing turbomachines, an infinite number of blades 
is often assumed in order to produce axisymmetric flow. It is im- 
portant to realize that, if the total amount and spatial distribution 
of the work done by the impeller is assumed to be unaffected by 
this idealization, then the rate of pressure variation at each point 
Op/dt must be unaltered according to Equations (30) and (37) 
In other words, the pressure variations must resemble Fig. 5. 
The slope of the ‘‘saw teeth’’ must be independent of the number 
of blades.6 As a consequence, although the flow becomes axisym- 
metric for an infinite number of blades, it does not become steady 
Kuler’s and Bernoulli's equations do not apply in the idealized 
impeller. 

The idea comes to mind, that the distribution of work addition 
or extraction within fluid machines could be determined by 
measuring Op/dt. Modern pressure probes make this measure- 
ment fairly easy. 

6 This follows also from simple reasoning, i.e., twice as many blades 
give one half the distance and one half the passing time between 


blades and one half the load or pressure difference across each blade. 
Therefore, Op/Odt is independent of the number of blades. 
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Fig. 5 Schematic of the alteration of the pressure variation with time 
at a casing pressure tap of a fluid machine as the number of blades is 
increased. 


Summary and Conclusion 


It has been shown that: 


1 The flow in fluid machines doing useful work by pressure 
forces must be unsteady. 
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2 Euler’s and Bernoulli’s equations are for steady flow and do 
not apply through the working region of the machine even if the 
events therein are cyclic. 

3 The steady-flow energy equation does apply over the 
working region if the processes are cyclic, for such are “‘steady’’ 
as far as that equation is concerned. 

4 The time rate of increase of a particle’s stagnation enthalpy 
(or head), on passing through the working region of the machine, 
is proportional to the local time rate of pressure fluctuation at a 
point stationary relative to the machine casing. 

5 Conclusion 4 can be explained readily in terms of the forces 
that moving blades or vanes exert on the fluid in order to do work. 

6 Idealizing the machine to an axisymmetric flow produced 
by an impeller with an infinite number of blades cannot make the 
flow steady. 

7 Measurement of the local flow unsteadiness might be a 
useful new technique to determine work distribution in impellers. 
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Prediction of Choking Flow in 
Centrifugal Impellers 


A method for predicting choking flow in centrifugal impellers is outlined in this paper. 
The theoretical development of the sonic flow equations for an ideal gas in an impeller 
passage is combined with empirical data through the derivation of a passage contraction 


ratio based upon test data. Construction of the three-dimensional passage throat area 
for two basic types of impellers is also outlined. Good correlation between experimental 
data and calculated choking flows for other centrifugal impellers is shown by the use of 
this method. Further utilization of this method for nonideal gases ranging in com- 


Nomenclature 


Tue following nomenclature is used in the paper: 


= velocity of sound, ft/sec 

= area, ft? 

= specific heat capacity at constant pressure, ft?/sec? deg F 
= contraction ratio 

= total density loss coefficient 

= Mach number 

= angular momentum function 
pressure, lb/ft? 

volume flow, cu ft/sec 

= gas constant, ft?/sec? deg F 

= radius, in. 

= temperature, deg R 

peripheral speed, ft/sec 
velocity, ft/sec 

= flow function 

= density, lb/ft* 

= specific heat ratio 

= boundary layer displacement thickness 
Subscripts 

= upstream stagnation conditions 
= compressor or cascade inlet 

= actual 

isentropic 

= static 

= total 

= throat 

= tangential 

= relative 

(*) = critical conditions 


Introduction 


The prediction of the maximum capacity of a centrifugal com- 
pressor has merit from both design and application standpoints. 
For a given geometry and rotative speed, a simple method that 
enables the evaluation of the maximum capacity provides the 
designer with an additional criterion necessary toward the 
achievement of more successful compressor designs. Similarly, 
in multistage centrifugal compressor applications where the flow 


Contributed by the Hydraulic Division and presented at the 
Semi-Annual Meeting, Det.oit, Mich., June 15-19, 1958, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, March 
5, 1958. Paper No. 58—SA-15. 
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pressibility from 0.85 to 0.98 seems feasible if small errors can be tolerated. 


medium has a velocity of sound considerably lower than that of 
air, or higher operating relative inlet Mach numbers, the predic- 
tion of the capacity limitation of the compressor becomes a 
primary concern. 

The maximum capacity of a compressor in some instances is 
treated as the result of a particular and continuous flow behavior 
pattern, which is approached gradually at low compressor tip 
Mach numbers and very rapidly at higher compressor tip Mach 
numbers. This paper differentiates between the flow behavior 
pattern that results in maximum compressor capacity as a result 
of some fixed resistance in the discharge of the compressor, and a 
maximum capacity which is independent of the resistance and is 
more commonly termed choking flow. The former pattern is 
almost invariably associated with low operating tip Mach num- 
bers, and is the result of the rapid decay of pressure ratio asso- 
ciated with increasing negative incidence at the rotor entrance. 
The latter pattern, however, is the result of attaining sonic con- 
ditions somewhere in the impeller passage; and thereby, prevent- 
ing any downstream pressure pulses from affecting upstream en- 
trance conditions. 

The sonic or choking flow condition in the impeller passage is 
singular, and for the ideal, nonviscous, one-dimensional case, its 
evaluation is exact. Similarly, the more complicated three-di- 
mensional pattern can be treated theoretically in a one-dimen- 
sional manner at the outset and then be modified later by empirical 
considerations. The method outlined in this paper for predicting 
the more complicated three-dimensional pattern of choking flow 
in centrifugal impellers proceeds in this manner. The theoretical 
relationships for sonic conditions in the rotor passage will first be 
developed and then combined with an empirical evaluation which 
enables fairly accurate prediction of choking flow in centrifugal 
impellers, 


Theoretical Considerations 


The mechanism of choking flow in a cascade passage is the 
same irrespective of whether the cascade is stationary or rotating. 
The location of the choking region, however, is more compli- 
cated when considering a rotating cascade as compared to a sta- 
tionary cascade. In general, there are two requirements for the 
determination of the location and possible existence of a choking 
flow region, which may be expressed as follows: 


1 The physical area somewhere in the passage becomes a 
minimum, or the boundary layer build-up forms an artificial 
throat in the passage. 

2 The stagnation pressure in the passage is such that critical 
conditions will result at this minimum flow area. While it is 
possible that the stagnation pressure in a rotating passage may 
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result in a choking region being formed other than that at the 
minimum flow area, this seems inconceivable in an impeller 
passage. 


The introduction of boundary layer and the necessity of satisfy- 
ing certain inlet stagnation conditions precludes the possibility 
of a merely theoretical approach and necessitates the introduction 
of empirical data. In order to properly employ the empirical 
data, the basic equations for the choking flow must first be de- 
veloped. 

The basic one-dimensional expression for choking flow of an 
ideal gas in a stationary or rotating compressor passage can be 
expressed in terms of upstream stagnation conditions in the fol- 
lowing manner: 


‘ 
- 


where 


ar, = a,* 


a? = yRT, (4) 


and A, is the geometric throat area of the cascade or passage (Fig. 
1), where the velocity is equal to the velocity of sound, or V, = a,. 

The correct equation, however, when considering some velocity 
profile, such as in Fig. 2, to exist in the passage, would be modified 
by boundary layer growth; hence, the true flow area becomes 
A, = A, (1 — 6°). 

In like manner the passage density py,, in the actual case 
would be modified by losses, thus pr,4 = pr,,(K). 

Combining the boundary layer effect and inlet losses into one 
factor; so that (1 — 6°)K = C,, and calling this the passage con- 
traction ratio, the original choking flow equation is modified in 
the following manner: 


y¥+1 


My y¥+1 


which for a stationary cascade would reduce to 


y+1 


27-2 
dy 7 + 1 


Pret = Po and 


where 
a7, = 


For the rotating cascade, it can be seen that equation (5) is not 
sufficiently developed to be useful. Introducing the relationship 
between p7,,/po and a7,/dy for the ease where energy in the form 
of increased pressure and temperature is being added by the im- 
peller, equation (5) is modified by the following equations: 

Impeller energy equation 


Tr,’ Tr’ (7) 


Energy relationship at entrance to an impeller with guide 
vanes 
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Fig. 1__ Stationary cascade showing throat area 


2Ven 
2Cy 


Here, the plus sign applies to “against rotation’’ vanes and the 
minus sign applies to “with rotation” vanes. 

Combining equations (7) and (8) 

2 
us + 20 aly 


Tr,’ = 


(9) 
2c, 


The expression for specific heat at constant pressure in terms 
of the specific heat ratio and the universal gas constant is: 


= R (10) 


Y 
Dividing equation (9) by 7) and combining it with equations 
(4) and (10) 


Tr,’ - ‘) ( u, y 2Vem 
= 1 + 
+ ( 2 ay 


For an isentropic process 


1 
Pr.’ 
Po 
Combining equation (12) with (11) 


— 
.. [( + (13) 
Po 2 ao 


The expression for the ratio of stagnation acoustic velocity is 


1 


= 14 
(7x!) au 


Combining equation (14) with (11) 
1 


4 | 2 2V, 2 
ao 2 ay ay? 
The product of (p7,'/p)-(ar,"/ao) then becomes 
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Fig. 2. Symmetrical velocity profile with boundary layer 


1 
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Substituting the value of pr,'/po-a7,'/ao from equation (16) in 
equation (5) and simplifying, the final equation for the choking 
flow of an ideal gas in a rotating impeller passage in terms of 
Qo/a) becomes 


In the case of no prerotation, equation (17) simplifies to 


2) 27-2 
Qo 


= C.A, ) 


(18) 

Careful observation will show that equation (18) is basically 
the contraction ratio equation for supersonic compressors (ref- 
erence [1]'),except that, for supersonic compressors, the reciprocal 
of C, is more conveniently used and the equation is in somewhat 
different form. For this reason, the general equation developed 
for choking flow in impellers has no discontinuities as the relative 
entrance Mach number is increased from subsonic to supersonic 
values. 


y¥+1 


The deviation that does occur as transonic and super- 
sonic conditions are reached is the sharp increase in losses, which 
are caused by the formation of oblique and normal shock waves at 
the entrance to the impeller passage. This increase in losses is re- 


' Numbers in brackets designate References at end of paper. 
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Fig. 3 Typical centrifugal compressor performance map 


flected in a lower C, value; and therefore, the characteristic lines 
converge as the impeller Mach number is increased, Fig. 3. 
Further observation of both the basic expression for choking 
flow and Fig. 3 readily show that a compressor has a maximum 
capacity only when considering a particular speed. The ultimate 
limiting capacity of the compressor is reached when at some tip 
speed, a stationary element of the compressor reaches limiting 
flow conditions, or when the entrance losses become so high that 
the product of 


u, \* |27-2 
» (*) 


Cc, | = Constant 


It is very doubtful that this latter condition can be reached in 
practical cases, 


Empirical Considerations and Presentation of Test Data 


The preceding development and preliminary discussion of the 
basic choking flow equations as applied to rotating cascades has 
facilitated the singling out of those factors which can be treated 
empirically. Careful observation will show that only the con- 
traction ratio (C,) must be evaluated from test results. The area 
A, and its mean radius in the impeller can be constructed readily 
from the blade passage geometry; and, while a three-dimensional 
throat is more complicated to arrive at than a two-dimensional 
throat, it can nevertheless be done successfully. 

The method which has been satisfactorily employed to predict 
the choking flow in impeller passages, by first evaluating the em- 
pirical factors from test data and then applying these same factors 
to other situations in the basic choking flow equations, will be 
outlined in the material to follow. 
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TWROAT AREA 
“TRUE” VIEW 


ELEVATION 


Fig. 4 Throat area for radial inlet type impeller E 


THROAT AREA 
“reve” view 


ELEVATION 


Fig. 5 Throat area for inducer type impeller B 


Since the basic choking flow equations are developed from per- 
fect gas considerations, evaluation of the empirical contraction 
ratio was initially confined to those tests in which the vapors 
deviated only a small amount from perfect gas behavior. Single 
stage test data are available on a variety of geometrical stage de- 
signs which were operated with several different vapors (prin- 
cipally refrigerants 11, 12, 113, and 114). Of these, tests per- 
formed with refrigerants 113 and 114, which behave more nearly 
like a perfect gas (compressibility factors in the range from 0.96 to 
0.99 for these tests), were utilized in evaluating the contraction 
ratio presented in this paper. It will be demonstrated, however, 
that the choking flow can also be estimated with a high degree of 
accuracy for the same and other stages operating with refrigerants 
I} and 12, having compressibility factors as low as 0.85, using the 
sume empirical contraction ratio relationship. 

Two basie types of impellers were included in these investiga- 
tions as follows: 


a Radial inlet: type 
b “Short inducer” axial inlet type 


The manner in which the geometrical throat area (A,) may be 
obtained is essentially the same for both types of impellers, al- 
though it is somewhat more difficult to obtain from drawings of 
the “inducer” type of impeller. This throat area may be de- 
scribed as the area bounded by curved lines which are reasonably 
normal to the “ideal’’ (imaginary) streamlines in both the blade 
to blade plane and the hub to shroud (meridional) plane, and 
which invariably includes the driving edge of the blade at the 
inlet tip in both views (see Points A, Figs. 4 and 5). Fig. 4 in- 
dicates the boundaries of this surface and its mean geometrical 
center for a radial inlet type of impeller. Typical orientation of 
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DEGREES 


Fig. 6 Contraction rotio versus incidence angle from tests of im- 
pellers A, B, C, and D 


the throat area, and its centroid, for a short inducer type of im- 
peller is shown in Fig. 5. 

A “true’’ view of the throat area may be constructed with the 
aid of the plan and elevation views by approximating the curva- 
tures of the boundaries with straight lines in both planes, or 
having an actual impeller (or blade passage model), a cardboard 
template can be fitted into the channel such that the conditions 
previously described are met as closely as possible (i.e., the tem- 
plate is oriented such that it is reasonably normal everywhere in 
the blade passage). 

Having the throat area A, and the radial distance r, to its 
centroid for a particular impeller, the contraction ratio may be 
obtained from the choking flow test points using either equation 
(17) or equation (18). In deriving the factors presented in this 
paper, only tests where the stages were not subjected to inlet pre- 
rotation were analyzed using equation (18). It will be shown, 
however, that the same contraction ratio relationship can be used 
with reasonably good accuracy when with-rotation or against-ro- 
tation prewhirl is applied at the impeller inlet. 

It is reasonable to expect that the contraction ratio will vary 
with incidence angle, with the least contraction effect occurring at 
or near zero incidence. Although it would seem that other fac- 
tors should have an effect on the contraction ratio, the results 
seem to indicate that these effects are either negligible or of 
minor importance. References [2] and [3] seem to bear out the 
fact that the losses are related to the incidence angle and are 
more serious for negative incidence than for positive incidence 
In this investigation, the angle of attack at the root-mean-square 
diameter was calculated from the choking flow test data, con- 
sidering the available flow area as equal to the area of the inlet 
annulus less the area taken up by the blades. The contraction 
ratios were then plotted against the incidence angles for each test 
point, resulting in the curve shown in Fig. 6. 

Impellers A, B, C, and 1D (all staged with vaneless diffusers), 
representing various sizes and various types of blade designs, and 
operated with either refrigerant 113 or refrigerant 114 (as noted 
in Table 1), were used to develop the data shown in Fig. 6. Table 
1 contains the critical dimensions, factors, and test data for these 
stages. As mentioned previously, equation (18) was used in 
these evaluations because no inlet prerotation was allowed in this 
group of tests. 

Impeller A, designed for relatively low operational Mach num- 
bers, and subsequently tested at considerably higher values, pro- 
vided data for the positive incidence side of Fig. 6. Impellers B, 
C, and 1D, designed for higher operational Mach numbers, and 
tested in their design range, provided the characteristic for the 
negative incidence side of Fig. 6. It has been previously demon- 
strated that choking can occur while incidence angles at the rms 
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Table 1 


Empirical contraction ratios from tests on impellers A, B, C, and D 


Impeller 

A A A A B B Cc D 
Type of inlet Radial - Inducer Inducer Induce 
Test refrigerant 113 113 
Impeller OD, in. 19.5 -——_> 7.5 ——~» 28.75 29.75 
Inlet sonic velov- 

ity, fps 386 395 407 405 400 400 385 370 
Inlet choking flow, 

efm 5O70 5040 4940 4690 640 582 9800 7650 
Throat area, A,, 

sq ft 0.260 0.040 — + 0.620 0.542 
Radius to cen- 

troid, r,, in, 6.16 > 1.35 7.90 5.80 
ur, fps 396 373 347 310 247 205 245 180 
1.050 0.894 0.726 0.586 0.381 0.263 0.405 0.237 
7 1.08 1.09 1.08 1.08 
Y (Fig. 7) 1.024 0.948 0.871 0.814 0.735 0.692 0.744 0.680 
C, 0.821 0.862 0.892 0.911 0.907 0.875 0.920 0.935 
Vini, (avg), fps 180 176 172 161 240 200 166 197 
u: (rms), fps 340 322 209 267 236 196 231 178 
6; (rms), deg 27.90 28.63 29.00 31.05 45.50 416.80 35.70 47.90 
Incidence angle, 

deg +4.10 +3.37 +4+2.10 +0.95 -3.50 —4.80 -2.70 -2.90 


Impeller designation 
Type of inlet 
Test refrigerant 

Inlet sonic velocity, fy 
uz, fps 

> 


Y (Fig. 7) 

Vim (avg), fps 

1 (rms), fps 

8; (rms), deg 
Incidence angle, deg 
C, (Fig. 6) 

Calculated inlet chok 
Test inlet choking flo 
Caleulated flow/test fl 


Table 2 Comparison of calculated and test choking flows for impellers A and B with 


A A A B B 
Radial ——— > _ Inducer 
11 12 
s 462 460 455 469 472 
395 352 316 254 239 
0.731 0.581 0.482 0.204 0.256 
1.130 ——~ 1.172 1.177 
0.873 0.812 0.774 0.700 0.685 
192 18] i71 255 243 
340 302 272 242 228 
29.50 30.90 32.20 46.50 46.80 
+2.50 +1.10 -0.20 -4 5O —4.80 
0. 882 0.910 0 924 0. 883 0.874 
ing flow, cfm 5550 5300 5080 696 679 
w, cfm 5600 5300 5040 698 675 
ow 0.991 1.000 1.008 0.997 1.005 


Table 3. Choking flow comparisons for impeller E 


Impeller 

Type of inlet Radial 
Test. refrigerant 11 
Impeller OD, in. 19.5 
Inlet sonie veloc- 

ity, fps 471 “471 182 480 
Inlet prerotation 0 0 0 +17 

angle, deg (agst 
Throat area, A,, sq 

ft 0.106 
Radius to centroid, 

rr, in, 5.80 
Ur, fps 357 387 440 440 
(rms), fps 287.5 354.5 354.5 
Va, fps 0 0 0 56 
0.573 0.672 0.8383 1.011 
7 1.13 
Y (Fig. 7) 0.807 O.847 0.920 1.005 
(avg), fps 144 152 (174.5 IS] 
aus + Vo, 287.5 354.5 410.5 
8; (rms), deg 26.60 26.05 26.20 23.75 
Incidence angle, 

deg —-1.60 -1.05 -1.20 41.25 
C, (Fig. 6) 0.930 0.929 0.930 0.906 
Calculated choking 

flow, cfm 2250 2360 2625 2800 
Test choking flow, 

cfm 2260 2367 2620 2770 
Calculated 

flow/test flow 0.996 0.996 1.001 1.010 
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1.028 
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354.5 
67 
-2 60 
0.925 
2345 
2325 : 
1.010 


AO 1.40 
Fig. 7 P versus Y correlation curve, with lines of y = constant 


diameter are still positive. In reference [3], fig. 5, this condi- 
tion was encountered at rms blade-inlet relative Mach numbers 
above 0.30. 

Test data were also available for impeller A with refrigerant 11 
and for impeller B with refrigerant 12 (both deviate considerably 
from a perfect gas). Choking flows for these conditions were 
estimated using the contraction ratio curve of Fig. 6, and the re- 
sults were compared with the respective test data (see Table 2) 
with satisfactory agreement. 

Another impeller (5) of the radial inlet type, but considerably 
different in blade configuration from impeller A (fewer blades and 
highly backward swept discharge blade angle), was also tested 
with refrigerant 11. Experimental results are available for this 
stage with the three different characteristics of inlet prewhirl: 
With rotation, no prerotation, and against rotation. Again the 
choking flows were calculated using the contraction ratios of Fig. 
6, and compared with the test results. Table 3 indicates that the 
agreement obtained with this impeller was also very good. 

Additional satisfactory corroborative data are available on a 
large number of stages having impellers in the same families as 
impellers A, C, D, and I, which were operated in the same variety 
of gases, and with which various schedules of inlet prerotation 
were used. These data were omitted from the material contained 
in this paper only in the interest of brevity. 

The method of estimating the choking flow is a rather simple 
(rapidly converging) trial and error process, where the first trial 
flow is obtained by assuming C, = 1.00. A unique solution is 
then usually obtained with one or two more reduced flow assump- 
tions. The entire calculation for impeller E, having with-rotation 
inlet prewhirl is given in the Appendix. These calculations can be 
simplified by using a standard plot of the parameters 


2 
ay? 


[2+ (y = 
y+! 


with lines of y = constant. This plot is shown in Fig. 7. 
The calculated results shown in Tables 2 and 3 are found to be 
generally within one per cent of the test values for the choking 


and 
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flow. Test errors are felt to be within plus or minus one per cent; 
hence the agreement is believed to be quite satisfactory. 


The method developed for predicting the maximum capacity of 
centrifugal impellers by the derivation of a passage contraction 
ratio can be used for many different kinds of impeller configura- 
tions. The good correlation that is observed between predicted 
choking flows and that obtained from test results validates the 
feasibility of incorporating empirical data in a simplified one- 
dimensional theoretical approach. 

As this method was applied to impellers operating at the be- 
ginning of the transonic region, it is quite likely that for more 
radical designs or supersonic relative inlet Mach numbers at the 
impeller eye tip, the rate of change of the contraction ratio with 
incidence angle as well as its zero incidence magnitude would not 
appear as favorable as shown in this report. 

The inclusion of several comparisons between the predicted 
choking flow and the test results, for operation with nonideal 
gases, varying in compressibility from 0.85 to 0.98, evidences 
further possible utility of the method developed. 

In conclusion it must be pointed out that like all empirical 
methods, exceptions to the rule will arise; however, in the ab- 
sence of a rigorous theoretical three-dimensional analysis, the in- 
formation contained in this paper should enable prediction of 
choking flow with a reasonable degree of accuracy. 
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APPENDIX 
Calculation of Choking Flow for Impeller E 


Given: Vapor: Refrigerant i1, a9 = 480 fps, and y = 1.13 

Speed = 8690 rpm 

Impeller OD = 19.5 in. 

Rms inlet diameter = 9.35 in. 

Net inle. conical area = 0.260 sq ft (area of 0.275 sq ft 
has been corrected for expansion from upstream suction 
conditions ) 

Inlet throat area = 0.106 sq ft (A,) 

Radius to centroid of throat area = 5.80 in. 

Inlet prerotation angle, Y,; = —24° (with rotation) 

Rms inlet blade angle (with tangent), a, = 25° 

Find: Choking flow for comparison with test result. 
Solution: 
1 Estimate choking flow roughly first, by neglecting the pre- 


rotation effects, and assuming C, = 1.00. 


d,N 
— = - 


229 229 


= 440 fps 
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Y (from Fig. 7) = 0.925 


Then, from equation (18), the approximate choking flow be- 
comes: 


Qo = 60aC,A,Y = 60-480-1.00-0.106-0.925 = 2825 cfm 


2 Solve for final choking flow by trial and error solution. 

Since both C, and the with-rotation prewhirl effects will reduce 
the flow below the value of 2825 cfm estimated in Solution 1, 
assume flows as follows: 


Assumed flow, Qo, 
cfm 


2100 =2200 2400 2500 
V an Qo 
60 X 0.260 
fps 134.5 141 147.5 154 160.3 
(rms diam), fps 354.5— 
tan = tan 24° 0.445—— 
a = Van tan Vi, 
59.9 62.8 65.6 68.5 71.4 
0.1842 0.1933 0 2020 0.2107 0.2195 
A) 
P = 0.841 — «0.6568 0.6477 0.6390 0.6303 0.6215 
Y (from Fig. 7) 0.840 0.837 0.834 0.830 0.827 
uirms — Va, fps 294.6 291.7 288.9 286.0 283.1 
tan = 
<i 0.456 0.484 0.510 0.539 0.566 
Rus — Va 
8: RMB, deg 24.52 25.80 27.00 28.30 29.52 
Incidence angle, 
deg +0.48 -—0.80 -2.00 -—3.30 -—4.52 
Contraction ratio, 
C,, Fig. 6 0.917 0.927 0.929 0.915 0.883 
Caleulated fl w, Qo, 
efm 2350 2367 2363 2315 2225 
2500 4B! 


| 

= 


ASSUMED CHOKING FLOW, Qo (crm) 


2200 
|__| 


CALCULATED CHOKING FLOW, 
Qo 


Fig. 8 Solution curve for sample problem of Appendix (impeller E) 


A plot of assumed Q) versus calculated Qo yields the unique 
crossing point at 2345 cfm (see Fig. 8). The test point choking 
flow for this impeller at the given conditions was 2325 cfm, with a 
test accuracy of about + one per cent. 

Calculated choking flow 2345 1.01 


Test choking flow 2328 


showing good agreement. All points in Tables 2 and 3 were 
calculated in this manner, with only the solution values shown. 
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DISCUSSION 


J. T. Hamrick? 


The authors are to be complimented on their direct  ap- 
proach to a relatively complicated problem. It is realized 
that a rigorous three-dimensional analysis would be extremely 
time-consuming and probably impractical for general applica- 
tion. However, it appears desirable at this point to make 
such a solution and to determine, if possible, why the simpli- 
fied approach works as well as it does. Such an analysis would 
possibly forewarn the user as to what exceptions to the rule might 
arise and provide better insight into flow behavior 
analysis contemplated? 


H. E. Sheets 


This paper presents an interesting analysis for the prediction 
of choking flow in centrifugal impellers. It is noted that the 
analytical basis consists in a one-dimensional expression for 
choking flow of an ideal gas. However, the flow at maxi- 
mum capacity through a centrifugal compressor, when choking 
occurs, also has components in both the radial and cireum- 
ferential directions, as is established in the literature. While 
this apparently is taken into consideration by the empirical fac- 
tors, a critical review of the use of such factors for other machines 
and over a wide range of tip speeds appears desirable. 


Ts such an 


In making 
use of any method for a prediction of performance over a range ol 
fluids, tip speeds, and machine sizes, it could be suggested that 
nondimensional coefficients be introduced. This suggests the 
use of a nondimensional quotient ('m/a instead of the quo- 
tient Q/a. The writer has presented an analysis using such a 
nondimensional quotient.‘ 


Authors’ Closure 


The authors wish to thank Mr. Hamrick and Mr. Sheets for 
their comments on this paper. : 

Mr. Hamrick’s point is well taken; that a rigorous three- 
dimensional analysis of this problem would be highly desirable, 
since it would provide further insight into the complete nature of 
choking flow, and may lead to the discovery of cases where the 
simplified methods of the paper would not yield results with 
sufficient accuracy. 

It is felt, however, that such a solution is contingent upon 
several factors that comprise the contraction ratio coefficient. 
These are the three-dimensional boundary-layer patterns in the 
rotating passages; the mixing losses that would be associated 
with redistribution of the flow from the impeller eye tip to the 
hub as the choking condition is approached; and in cases where 
the relative entrance Mach number is supersonic, the losses 
through the shock wave system and that resulting from shock 
wave-boundary layer interactions. Although these complicated 
problems have been explored, not a single theoretical solution 
of the three-dimensional boundary layer in a rotating passage, 
corroborated experimentally, exists. Similarly, only very limited 
success has been enjoyed with the other problems. The authors 
are, therefore, not currently contemplating further work along 
these lines. 

In regard to Mr. Sheets’s suggestion that the choking flow 
quotient Q/a be transformed to a nondimensional form, this 
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can be quite easily done by modifying equations (17) or (18) so 
that the throat area A, is on the left-hand side as follows: 


27-2 
--- (17a) or (18a) 


of 


a A, wa 


This then has the form C/a as indicated in Mr. Sheets’s dis- 
cussion. 
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The authors are also indebted to Mr. Sheets for reminding 
them of his paper published in 1952. The data presented in 
this paper were studied (prior to completion of the authors’ 
paper) in an effort to obtain additionai experimental evidence 
with regard to prediction of choking flow. Obviously, little 
could be done with these data because the dimensions of the 
impellers in compressors ‘‘A’”’ and “B” of Mr. Sheets’s paper were 
not available. 
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Concerning Subharmonic Oscillations 


C. A. LUDEKE? 
WILLIAM PONG® 


Cincinnati, Ohio 


Which May Exist in Nonlinear Systems 
Having Odd Restoring Forces 


An experimental study is made of subharmonic oscillations in systems having |0\0, 0°, 
and |6°\0 as the nonlinear terms in the restoring force; @ represe’ts displacement. 
In a system with a restoring force 6° the subharmonic of order one third was the only 


subharmonic observed. 


In a system with |0\0 or |6°\0 as the restoring force, sub- 


harmonics of order one half and one third were observed. 


A NONLINEAR system, under suitable conditions, may 
exhibit steady-state vibrations in which the main component has 
a frequency which is a fraction of the forcing frequency. These 
oscillations are called subharmonic vibrations. An example of 
the waveform of these oscillations is shown in Fig. 1. In this 
particular example, the subharmonic motion is of the order 1/3, 
i.e., the period of the oscillation is three times that of the 
forcing function. 

Since a nonlinear system may possess more than one type of 
subharmonic oscillations, it is highly desirable to investigate the 
types of subharmonies which can occur when the nonlinear re- 
storing force is of a specific form. The system we have con- 
sidered is represented by the nonlinear differential equation 

6 + c6 + af + BO) = F cos (nwt + ¢) (1) 

! Parts of the material herein presented were submitted by William 
Pong as partial fulfillment of the requirement for the PhD degree. 
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presented at the Semi-Annual Meeting, Detroit, Mich., June 15-19, 
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Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, October 7, 
1955. This paper was not preprinted. 


where c, a, and B are positive real constants and n = 1, 2, 3,.. 
denotes the frequency of the subharmonic vibration. This equa- 
tion was simulated by an analog computer [1]* previously de- 
scribed. In the experimental investigation three types of sym- 
suetric nonlinear restoring forces were considered. They are ex- 
pressed as follows: 


f(0) = f(0) = 


It is clear that the magnitude of the restoring force can be repre- 
sented by an integral power of the displacement #6. The principal 
aim of the experimental procedure was to introduce various initial 
conditions and observe what order of subharmonic oscillations 
ean be initiated and maintained in these systems. 


6° Nonlinearity 


When the nonlinear restoring force is given by f(@) = 6°, the 
only type of subharmonic motion observed was that of order 1/3. 
This is shown in Fig. 2 which illustrates the effect of frequency 
variation of the forcing function on the amplitude of the sub- 
harmonic. If we compare the amplitude of the subharmonic 
with that of the free-vibration curve, Fig. 3, we see that there is 
fairly close agreement. In this respect we may look upon the 
subharmonic as a sustained free vibration. It has been pointed 
out in a previous paper [2] that, if the damping is not sufficiently 
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Oscillogram 1 
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Nore: The amplitude of the subharmonic varies as a function of the frequency of the forcing function. 
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reduced in the system, the initiation of the subharmonie oscilla- 
tions is extremely difficult, if not impossible. The inherent 
amount of damping in our experimental system is represented by 
ec = 0.172 which corresponds to a damping factor of 0.024. 

From theoretical consideration (Appendix) the restriction on 
the damping is expressed by the following inequality 


c < (BaF)? 


which states that the subharmonic of order 1/3 cannot occur un- 
less the damping coefficient c is smaller than a quantity which 
depends on B, w, F and the amplitude a of the subharmonic re- 
sponse. This restriction is in agreement with experiment. For 
a given c, this inequality also indicates an upper limit on the fre- 
quency w. However, as we see in Fig. 4, there is a relationship 
between the lowest frequency at which the subharmonic can be 
sustained and the magnitude of a. Thus for a given amount 
of damping in the system there is only a limited range of fre- 
queney in which the subharmonic can be initiated and main- 
tained. 


46 Nonlinearity 


When the nonlinear restoring force is expressed by f(0) = |0.8, 
subharmonies of order one half and one third were observed. As 
shown in Fig. 5 the amplitude of the subharmonic of order 1/2 
inereases with increasing forcing-frequency. As the frequency 
continues to increase, a transition from the order 1/2 to that of 
1.3 takes place. A graph showing the change in amplitude is 
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given in Fig. 6. The transition to the order one third appeared 
to occur only when the damping and the @ term are sufficiently 
small. With additional damping the range of frequency over 
which the subharmonic of order 1/2 can be maintained is greatly 
reduced. Fig. 7 indicates the frequency at which the subharmonic 
of order 1/2 decays when a given amount of damping is intro- 
duced. For larger F, the amplitude of excitation, the subharmonic 
can only be maintained at higher frequencies. This is shown in 
Fig. 8. 

When f = |6°\@ was used as the restoring force, the subhar- 
monics of order 1/2 and that of 1/3 were also observed. The re- 
sults appeared similar to those of the f(@) = |@|@ system. 


In many attempts to excite the subharmonic oscillations in the 
systems which we have described, only the order of 1/3 was ob- 
served in the 6? system and the orders of 1/2 and 1/3 were 
observed in the |@{6 and 6|°@ systems. Thus if the nonlinear 
restoring force is expressed by |@\"6, the order of the subharmonic 
is not always restricted to 1/(n + 1). It appears that the sub- 
harmonic of order 1/3 might occur in all vibrating systems having 
odd nonlinear restoring forces. It is of interest to note that the 
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subharmonic of order 1/2 can be excited in a symmetric nonlinear 
system. 


APPENDIX 


If f(@) is given by 6 in Equation (1) we may assume an ap- 
proximate subharmonic solution of the following form 


6 = A cos wt + B sin wt + a; cos 3wt (2) 


By substituting expression (2) into Equation (1), then multiply- 
ing by cos wt and integrating from t = 0 to t.= 2m/w, we get 


(w? — a — 3Ba?/4 — 3Ba;2/2)A — Bew = 
3Ba;(A? — B*)/4 (3) 


where a? = A* + B*. Similarly, if we multiply by sin wt and 


integrate, we find 
(w* — a — 3Ba*/4 — 38a?/2)B + Acw = —3Ba,AB/2 (4) 
If we square both sides of (3) and (4) and add, we obtain 
wt = + 3B(a* + 2a;*)/4 [(3Baas/4)* — (5) 
Since w? must be real, we require 


< |(3Ba a;/4w)| (6) 
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Now, from energy consideration over one complete cycle, we 
may write 


G+ + + = 008 (But + (7) 


If 6 is represented by Equation (2), we find 
cu(a? + 9a;*) = sin d (8) 


a = [3a,(F sin @ — 3ascw)/ew)'/* 
Since a must be real, we specify 
ce < |(F sin )/3wa,| 
From (6) and (9) we see that 
c < |(BaF)/40*| 
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An Analytic Frequency-Response Solution 
for a Higher Order Servomechanisin 
With a Nonlinear Control Element 


On-off-type control systems designed on the basis of step-input response sometimes 
exhibit poor frequency-response characteristics. When subjected to periodic inputs, 
such systems may oscillate at subharmonics’ of the input frequencies under certain 
conditions. An example of subharmonic response of an on-off-type system is shown in 
Fig. l(a). Fig. 1(b) shows the corresponding fundamental response. 

When an on-off system is designed with a proportional band, the frequency response 
of the system must be carefully investigated for the possibility of ‘‘jump resonance” and 
subharmonic oscillations. This is particularly necessary when the system is known to 
be subjected to occasional periodic inputs. 

This paper presents an effective method for evaluating the frequency response, both 
open-loop and closed-loop, for on-off-type feedback control systems with or without pro- 
portional bands. Fig. 2 shows one type of the system under discussion, 

The essential material presented follows the Laplace-transform method suggested by 
D. Kahn [1).! It is an extension of the work already reported by K. Ogata [2, 3}. 


A. M. HOPKIN 


Associate Professor, University of 
California, Berkeley, Calif. 


K. OGATA 


Assistant Professor, University of 
Mi 7 Mi 


a, polis, Minn. 


Tax SYSTEM IS ASSUMED to consist of an ideal relay given amplitudes of input signal r. The wave form of m(t), the 


with a frequency invariant, amplitude-sensitivity nonlinearity, fol- 
lowed by a feedforward linear transfer function G(s), Fig.2. The 
signal is fed back to the input-summing point through the feed- 
back element with a linear transfer function H(s). Assume that 
the linear-component transfer function can be written 


Bos) 


= G(s)H(s) = K(T,s + Ty +1)...(T,s + 1) 
M(s) 


s(T;s + 1)(T28 + 1)... (78 + 1) 


For periodic inputs to the nonlinear on-off element, the element- 
output wave form is a square wave. It is convenient to find the 
feedback signal b(t) as a function of the nonlinear-element output 
frequency in order to calculate system frequency response for 
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output of the nonlinear element, is shown in Fig. 3. M, is the 
constant peak-output amplitude, and a is the half-period of the 
signal m(t). 
Equation (1) can be rewritten 
B(s) K 
= GH = — 2 
T,8 + 1 (2) 


where k,, represents the Heaviside expansion constants. V,(s), 
the Laplace transform of the velocity of the feedback signal b(t), 
can then be written 


(3s) = L [< uo | = sGHM(s) + initial-condition terms 


specifically, 
l 
km Tn 
V,(s) = K 2 Te +1 +1 M(s) + +1 (3) 


where /,, are constants arising from initial conditions. As shown 


Nomenclature 
a = half period of output H, H(s) = linear-transfer function output of nonlinear 
signal I,,(m = 1,) ail element 
t)) = constan 
feedback signal 2, 3,..., = system-input signal 
b(r), b(r,w)! r(r) 
k,,(m = 1,\ = Heaviside expansion 
B(s) = Laplace transform of constant = itude system- 
feedback signal , , input signa 
K = gain constant 
B,, B,(w) = amplitude of feedback complex variable 
signal K, = gain constant = time 


¢, e(r)) G, G(s) = linear transfer function 


s 
t 
T,(m = 


w)S = system-output signal Le= Laplace operator 
C(s) = Laplace transform of L~' = inverse Laplace opera- b oe ™ “4 = time constant 
system output signal tor 
C,, C,(w) = amplitude of system m(t), m(r) = output of nonlinear ele- 
v,(t), = velleity of feedback sig- 
output signa er 
e,e(r) = error signal M, = amplitude of output of v,(r) = velocity of system-out- 
E, = amplitude of error sig- nonlinear element put signal 
nal M(s) = Laplace transform of (Continued on next page) 
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Reponse of an on-off-type feedback control system 
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Fig. 1 


M(s) 


C(s) 


Fig. 2 Block diegrem of a feedback system with one fr 
P ve nonlinearity 


q 


in reference [4], M(s), the Laplace transform of the square wave 
m(t), can be written 


M, “as ng ans 
M(s) =~ | 


n=0 


(4) 


Substituting Equation (4) into Equation (3) and taking the 
inverse Laplace transform of V,(s), the velocity of the feedback 
signal can be written 


l 
L“[V,(s)] = KM, E (—1)"u(t — an) 


n=0 


@ 
— k,, 


Tm 
n=0 


v,(t) = 


x u(t — an) 


Nomenclature 


Fig. 3 The wave forms of the input and the output of the nonlinea 
element 


— k,, (—1)*"u(t — a — an) 


n=0 

o t—a(n+1) 
+ &,, (—1)"e Tm u(t — a— an | 

n=0 
+ (6) 
where 

u(t) = 
u(t) = 


0 when t < 
(6) 


1 when > 0 
Since we are interested in the steady-state frequency response, we 
may eliminate the effect of the initial-condition terms by selecting 
the time ¢ so that Aa < ¢t < (A + 1)a, where X is a sufficiently 
large odd integer. Then, 

l 


Tm —» () 


m=1 


(7) 


we can shift our reference point to the start of the (A + 1)th half 
eyele by letting 


rT (8) 


This has the effect of making our time-reference point for 7 occur 
where e(t) and m(t) are both zero and going negative for increasing 
time. 

We can also make use of the relation 


an l 


n=Q 


(9) 


1+e7 


Equation (5) can be simplified by the 
and (9) to give 


use of Equations (7), (8), 


V,(s) = Laplace transform of 
velocity of feedback 
signal 

initial phase angle of 
input signal with re- 
spect to time 7 

2.71828 

phase angle between 
peak of feedback sig- 
nal and e = 0 point 

phase angle between 
peak of system-out- 

put signal and e = 0 

point 

between 

input 


phase 


peak 


angle 
sytem 
42 / 
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sufficiently 


3.14159. .. 
time (r = 


value of < 


value of <7 < a) 


value of < < a) 


signal and e = O 
point 


midwa\ between 


crossover points of 
large odd signal m(r), that is 


integer Tmp = 0/2 
phase lag of feedback 
signal bir) 
spect tosystem input 


riv) 


with re- 
t — da) ith re 


T <a) 
for which velocity of 
feedback signal be- 
comes equal to zero 


lig ot 
output 


phase system 

with re- 
spect to system in- 
put rir) 

circular frequency 

lower 


for which velocity of 
system output 
comes equal to zero 


be- jump-resonance 


frequency 
upper 
frequency 


jump-resonance 
which corresponds to 
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Top = 

sd = 


1 
Qe—7/Tm 
u(t) = KM, >> kp (10) 


m=1 


We can integrate v,(7) with respect to 7 and find the integration 
constant from the knowledge that the steady-state system re- 
sponse for a symmetrical periodic input will be symmetrical and 
periodic so b(0) = —b(a). Thus the feedback signal 6(7) can be 
found as a function of 7 and the nonlinear element output fre- 
quency w = 7/a as follows: 


l 


m=1 
| (11) 


The peak value of the feedback signal (7) for a given frequency 
w occurs when »,(7) = 0. Defining 7,,, as the value of 7 for which 
u(7) = 0, 7, is found by setting Equation (10) equal to zero, 
transposing and solving the resulting transcendental equation 
shown. 


1 
2k,,¢~ 
-> (12) 
—x/oTm m 
m=1 1 + € m=1 


We can find B,(w), the peak value of b(7, w), by substituting the 
value of 7,,, into Equation (11). 


l 
us Top 
7 
%- Top/ Tm 
; 13 
7/eTm (13) 


Equation (13) shows that the steady-state peak amplitude of the 
feedback signal is a function only of w, the steady-state output fre- 
quency, and is independent of E,. The open-loop frequency 
transfer function is then 


B, KM 
(w, E,) = 41 


% — Tm 


Equation (14) holds exactly for the ideal switching nonlinearity, 
and is a good approximation for the case of the saturation ampli- 
fier with a narrow proportional band. 

It must be noted that for each value of w, 7, must first be 
evaluated from Equation (12) in order to evaluate B,(w) in 
Equation (13) or (14). 


The corresponding phase angle *?” is given by 
MT mp) 
/ b(7,,,) 
x 180° + 90° (15) 
MT mp) 


where m(T,,,), the peak point of m(r), is arbitrarily taken as 
midway between the crossover points of m(r). 


Finding the Closed-Loop Phase-Frequency Relationship 
Since the feedback signal may not be sinusoidal, a simple, con- 
ventional phase relationsh p between the input and feedback 
signals does not exist. For the purpose of this paper, phase is 
defined arbitrarily in terms of the relationship between the peak 
points on the input and feedback signals. In Fig. 4, @, is the 


' 
‘ ' 
; 
T=0 


e(7) 


wT 


| 
T=0 


Fig. 4 Relationships among r(r), b(7), and m(r) 


phase lag of b(7) with respect to r(r). This angle @, is broken 
into two components, the angle @,, between the peak value of r 
and the e = 0 point, and the angle 6,, between the peak value of 
band thee = Opoint. So 


d = 0, + 4, (16) 


The angle 6, can be evaluated as follows 
6, = B — 90° (17) 
r(O) = (0) = R, sin 18) 


From Equations (18) and (11) 


l 
KM 
B(w, R,) = sin~ J > 


\ R, 
tanh (19) 
2wT’,,,, QwT,, 


Since 6, is the phase angle corresponding to Typ 


m=1 


6, = XK 20) 


The closed-loop phase-lag angle is then 


180° 
R,) = 6, + = B° — 90° 4+ X wr, (21) 
Since 8 and 7,, can be found as functions of frequency and peak 
input from Equations (19) and (12), Equation (21) can be used 
to determine the phase-frequency relation for an on-off servo- 
mechanism, Note that this relationship is a function of both R, 
and w. 


Finding the Closed-Loop Amplitude-Frequency Relationship 
The peak amplitude of feedback signal b(7) for the system can 
he found as follows: Letting r = 0 in equation (11) 


l 
= KM, kn Tn tanh | 22) 


m=1 


From equation (22) it can be seen that 6(0) becomes larger and 
larger as w becomes smaller and gmaller. From equation (13) 
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we see that the peak value of b(7), b(7,,), also increases as w gets 
smaller. We would expect that the maximum value of b(7,,) 
would occur at the minimum value of w, so b(7,,) would increase 
without limit as w — 0. However, because of the feedback con- 
straint, m(7r) must reverse in sign when the value of b(7) exceeds 
r(r), with the result that b(7) is driven back toward r(r). When 
the frequency becomes so low that at the time when r(r) = R,, 
b(r) > R,, then there is no stable operating condition for the ideal 
relay, and sustained relay oscillations or chattering will occur, 
bringing about a new mode of operation. 

In the case of the ideal relay element with no proportional band, 
chattering occurs to produce a modulation effect and an es- 
sentially linear operating mode. If the nonlinear element has a 
proportional region, the operating point is constrained to remain 
in the proportional region, since e(7) will be very small. In either 
case, effectively a linear mode of operation exists. In this mode 
the error is very small, and so b(7) = r(r), and the phase shift is 
very nearly zero. 

Thus the amplitude and phase functions for the system de- 
scribed can be determined by dividing the test-frequency range 
into two regions: The lower frequency range with the linear 


IB | b 
mode of operation, where Fi (w) =1, ana / ~0; and the 

higher frequency range with the nonlinear mode of operation 
where the peak-magnitude ratio may be determined by dividing 
Equation (13) by R, to give 


B, KM [ 


and the phase between the peak input R, and the peak feedback 
signal B, is given by @, of Equation (21). 

The value of frequency w, at which transition from nonlinear 
to linear modes takes place is that at which b(0) = R,. This 
frequency is given implicitly by the expression 


R, = (0,0) = KM, >> knTn Ee — tanh —~ -| (24) 
1 


R 
tude jump at the frequency w,, accompanied by a corresponding 
sudden change of phase. 

For the case where the nonlinear characteristic contains a 
narrow proportional band, linear analysis will show that the sys- 
tem behaves as a pure linear system with a sinusoidal forcing r(r) 
until the forcing frequency causes the error signal e(7) to exceed 
the linear band limit at some frequency w: The frequency w, 
must then be the upper frequency of the linear mode. In cases 
where the system effective damping is small, w: exceeds w, so the 
linear and nonlinear modes overlap. The system will then re- 
main in the linear mode until w, is reached, if testing is started at 
some low frequency below w, and increased. On the other hand 
if the system is forced at some high frequency above w, and the 
forcing frequency slowly reduced, the system will remain in the 
nonlinear mode until w; is reached, and then suddenly switch to 
the linear mode. This overlapping-mode phenomenon, with its 
sudden amplitude and phase changes, is sometimes called jump 
resonance. 

Fig. 5 shows calculated and analog-computer test results for an 


B 
~~” (wi, R,) is frequently greater than 1 indicating a sudden ampli- 
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Fig.5 Closed-loop frequency response of a nonlinear control system 


example demonstrating the methods set forth. The solid lines in 
the figure represent calculated data, while the circles indicate the 
analog-computer data. The curves A and B represent the non- 
linear mode, and were calculated by the given analysis. Curves C 
and D correspond to the linear mode of operation and were caleu- 
lated by linear analysis. The lower jump resonance [2, 3] takes 
place when the input frequency is equal to the value of w, ob- 
tained by solving the implicit expression of Equation (24). The 
upper jump-resonance frequency w, occurs at the frequency where 
the maximum-error signal equals the maximum value for linear 
operation. In this example, the value of maximum-error signal 
corresponding to the upper jump-resonance frequency w is E, = 
2. 

From Equation (24), w; = 1.32 rad/sec. The experimental 
value from the analog computer was w, = 1.26 rad/sec. From 
linear theory, the frequency at which FE, = 2 was w: = 1.41 
rad/sec. From the observations using the computer, w, = 
1.38 rad/sec. 

So far this paper has concerned itself with the feedback signal 
b(r) rather than the controlled-output signal c(7). For the usual 
case, where H = K, (a constant), the example serves as a demon- 


1 
stration. For this case, c(r) = K, b(r), and the determination of 
1 


c(r) from b(r) is simple. For the more general case where 


f 
(78 +1) 


H(s) = K, 


> (Ts +1) 


k=1 


(25) 


an extension of the methods expounded will be briefly outlined. 
We can write 


Cs) K k 


—— - rh 2 
M(s) Kis T,8 +1 


n=1 


We can write the expression for v.(7) and set it equal to zero to find 
Tx 


i «—Tep/T. 
k (27) 
—x/wTa 
Integrating the expression for v,(7) we obtain e(7, w). 
er, kal | | 


K, 
t/Tn 
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The peak-value ratio for the controlled output is found by sub- 
stituting 7,, as determined from Equation (27) into Equation (28) 
and dividing by R,. 


C,(w, Ry) _ KM, 


k.T,|—— +1 
R, KiR [ n n 


The phase angle for this case will be given by 


180° 
. = 8, + 0, = B° — 90° + —— X wre (30) 
where 9, is the angle of c(r) corresponding to 7,,. 
It must be noted that 7,, is the time of peak value of b(7), that 
T- is the time of peak value of c(r), and that in general these two 
times are different if H # Ky. 


Conclusion 


A method has been shown for computing the ‘“exact’’ frequency 
response for a feedback system with a frequency-invariant non- 
linearity of the form which might be given by a relay or a saturat- 
ing amplifier. The term “frequency response” as used here is de- 
fined as the combination of two components: The ratio of the 
peak values of the two variables, and the phase difference be- 
tween the peak-amplitude points of the two variables measured 
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in degrees where the half-period of the output signal represents 
180 deg of phase angle. 

This method is straightforward. However, it involves the solu- 
tion of at least one transcendental equation (12) for each fre- 
quency-point computation. 

The results of this analysis show that a nonlinear system of the 
type discussed can be expected to have two modes of operation: 
A linear mode at lower frequencies and a nonlinear mode at higher 
frequencies. Methods are shown for finding the transition fre- 
quencies between the two modes of operation. It is pointed out 
that there is usually a sudden jump in amplitude and phase when 
this transition takes place, and that in cases with small effective 
damping the two modes have overlapping ranges. For systems 
with a proportional band in the nonlinear element, a method is 
given for calculating the upper limit of the linear mode and the 
lower limit of the nonlinear mode, so that the region of overlap- 
ping modes can be determined and the upper and lower “jump- 
resonance frequenices” can be determined. 
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Antifriction Instrument-Bearing Torque 
Testing and the Resistance to Motion 
as.asch Of Such Bearings 


Chief Engineer, Asch 
Equipment Company, The inertial guidance of airplanes and missiles has focused attention on the subject of 
Dayton, Ohio. Mem. ASME friction torque of instrument ball bearings. Several years ago the Department of De- 
fense undertook the task of standardizing the rating of the motion-resisting torque of such 
bearings, and the development of a tester for this purpose. This paper briefly discusses 
the Mil-Std-#206 torque tester, the interpretation of its results, and some of the frictional 
properties of instrument antifriction bearings. A cutaway illustration shows the ar- 
rangement of configuration of the tester; and a schematic of the system, with the related 
description, explains the principle of operation. Also a typical torque trace from the 
tester is reproduced and analyzed. 


is SrriBeck’s early experiments at the turn of 
the century, comparatively little has been published on the na- 
ture of ballbearing friction and its quantitative values. In the 
past decade, however, progress in controls and instrumentation 
has resulted in a wider interest in the subject, and the lack of 
suitable data has created serious problems for many workers in 
this field. 

Several years ago, the Department of Defense undertook the 
study of the problem of standardizing friction-torque testing, and 
torque rating of antifriction-type instrument bearings. These in- 
clude such bearings as are used in the gimbals of gyroscopic com- 
passes, servo systems, directional indicators, and various other 
indicating and control gyros which are incorporated in the 
modern airplane and guided missile. Before proceeding with the 
program for rating these bearings it was first necessary to develop 
a torque tester w' ‘ch would be accurate and reliable enough to 
permit standardization. This phase of the program has been 
completed and on July 27, 1954, the first edition of Military 
Standard #206 was issued on the subject of ‘Friction Torque 
Testing of Instrument Anti-Friction Ball Bearings.’’ This 

standard specifies the general characteristics of the tester, Figs. 1 = 
and 2, the test procedures to be used, and the units of measure- ~ FLYWHEEL 
ment. In the discussion which follows, the tester and its method 
of operation are analyzed and some properties of antifriction bear- 
ings are considered. 


Fig. 1 Production model Military Standard #206 friction-torque tester 


STRAIN 


: GAGE 
Principles of Operation nie 
The basic principle of operation of this tester is essentially WIRE 


simple. It consists of a directly driven positioning system, with 
the torque-sensing element incorporated in the restoring spring, 
see Fig. 3. 

Measurement of bearing friction is accomplished by slowly 
rotating the outer race of the bearing under test while the mass M 
axially loads the bearing. Frictional resistance between the races 
and the balls causes a torque to be applied to the inner race 


Sunt Fig. 2. Isometric drawing of Military Standard #206 friction-torque tester 
which winds spring S through an angle The strain-gage bridge ° 


Contributed by the Instruments and Regulators Division and pre- = : . ; 
sented at the Semi-Annual Meeting, Detroit, Mich., June 15-19, measures the resisting torque thus applied, and provides a signal 
1958, of THe American Soctety oF MECHANICAL ENGINEERS. to a carrier amplifier which operates a chart recorder. 


ote: Statements and opinions advanced in papers are to be The coefficient of friction as considered in classical mechanics 
understood as individual expressions of their authors and not those of 


the Society. Manuscript received at ASME Headquarters, Septem- relates to surfaces. For surfaces, the variation of the multitude 
ber 25, 1957. Paper No. 58—SA-34. of individual physical irregularities and other causes of friction 
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Fig. 3 Schematic of Military Standard #206 friction-torque tester 


average themselves during tests and in use. However, even for 
surface coefficients of friction the average values vary con- 
siderably. 

In the case of ball-bearing friction, the approximation of the 
condition of point contact and the geometric configuration of the 
bearing permit an infinite number of contact positions during 
rolling and an infinite number of frictional coefficients. Slow, 
rotating bearings such as are used in some of the aforementioned 
instruments have such abrupt variations in resisting torque that 
the determination of the resisting torque is essentially a problem 
of dynamics. Thus with the continuous-rotation tester described, 
the resisting torque is not seen as an average value, but rather as 
a continuous plot of irregular time-changing values. This distine- 
tion must be kept in mind when considering ball-bearing friction. 
It will be shown later that the resisting torque of a bearing con- 
sists of several components, one of which is reversible as the direc- 
tion of rotation is changed. 

The resisting torque 7’ equals A@ under conditions of static 
equilibrium but since the ball-bearing torque is of a transient 
nature for even very low speeds the equation for the measuring 
system is: 


dt 


where J is the moment of inertia of the rotating parts of the 
measuring system. 

Since @ is the function by which the bearing friction is measured 
and 7’ is the value sought, the term J d?0/d( may be considered as 
the error in the determination of friction torque. For this reason 
considerable importance was attached to the reduction of inertia 
in the measuring system. As finally constructed the natural fre- 
quency of the Military Standard tester is over 100 eps. Since the 
average frequency of the major torque variations is about 7 eps 
at the speed of test, the tester has a high relative dynamic- 
response factor. 


Analysis of Chart Recording 


Fig. 4 shows a typical trace of the resisting torque of an R-3 
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Fig. 4 Typical chart trace obtained from an R-3 instrument bearing 
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bearing as obtained with the Mil-Std torque tester. The Y-axis 
shows torque. The X-axis shows progressive positions of the 
outer race as it is rotated at a speed of '/2 rpm about the inner 
race. The counterclockwise trace is made by reversing the 
direction of rotation of the outer race, so that the clockwise and 
counterclockwise torque measurements at equal distances from 
the point of reversal are for the same configuration of the bearing 
components. 

If the counterclockwise trace in Fig. 4 is raised vertically and 
point 2 is matched with point 1 of the clockwise trace, the traces 
will be seen to form a reverse patiern of each other about the 
matching points. Since a rise on the clockwise trace represents a 
torque increment, whereas a rise on the counterclock wise-torque 
trace represents a decrement, the reverse pattern would indicate 
that the conditions, which cause an increase in torque while the 
bearing is rotating in one direction, cause a decrease when rota- 
tion is in the opposite direction. The vertical distance from point 
2 to point 1 would represent the sum of the clockwise and counter- 
clockwise torque for this configuration and for all other configura- 
tions, i.e. 

T, + Ty = const = 27’, 


where 7’; is the irreversible resistance torque and 7, — 7; and 
—(T ee — T,) are the equal-magnitude reversible torques. 

The trace is thus found to be composed of two principal com- 
ponents: A constant irreversible torque and a variable reversible 
torque superimposed on the constant torque. 

The reversible trace has been ascribed to the geometry of 
the bearing and explained in this way. Fig. 5 shows an enlarged 
section of an axially loaded test bearing. In section A-A, the 
surface finish ridges have been magnified and exaggerated. As 
the outer race of the bearing is rotated, the inner race raises and 
lowers the mass M. Also see Fig. 3. If the outer race of the test 
bearing is rotating in the direction of the force F in Fig. 5, the 
mass is raised, work is done, and the force F which does the work 
adds to the other motion-resisting components. If the direction 
of rotation is reversed, the mass M gives up its potential energy 
and the force F subtracts from the other frictional components, 
which would result in a reversal of the superimposed trace pat- 
tern for opposite directions of rotation. 

In addition to the variations described due to the geometry of 
surface finish, there may be repetitive low-frequency waves, 
generally of about one-revolution wave length, which would indi- 
cate a similar action to that just described, caused by machining 
or mounting eccentricity. 

Dirt particles which are trapped under the balls show them- 
selves as instantaneous torque increases in the torque trace irre- 
spective of direction of rotation, These do not necessarily repeat 
themselves since they may be crushed or moved aside during 
rotation. 

Although the loads on instrument ball bearings are generally 
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Fig. 5 Enlarged section of an axially loaded test bearing 
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small, there is some deformation of the races and balls, which 
causes area rather than point contact between them. This adds 
a sliding component to the rolling action, and it has generally been 
assumed that the work lost in rolling is due to the same causes as 
for sliding friction. 

The effect of sliding one surface upon another is very complex. 
Many theories have been proposed to explain the mechanism of 
friction. One of the oldest considers that the work of friction in 
raising the moving body up the surface ridges is converted to 
potential energy and this energy is dissipated as heat when the 
load drops back into the surface troughs. A more recent theory 
considers that the pressure of the load causes cold welding of the 
surface ridges in contact. The work of friction is then used to 
rupture these weld spots, thereby becoming dissipated as heat. 
Internal friction or hysteresis also contributes to lost energy. 
Many other seemingly reasonable theories have been propounded 
from time to time, and it may be, in the final analysis, that all will 
be found to have contributed in varying degrees to the catch-all 
condition sometimes referred to as Coulomb friction. 

If this theory of the reversible pattern is correct, it raises 
an interesting question. Since the tester is capable of indicating 
minute changes in torque, and the variations in torque are ex- 
plained by the geometry-energy relationship of the bearing con- 
figuration, the underlying Coulomb or irreversible torque has a 
remarkably uniform value, which is rather puzzling in view of the 
complex occurrences which take place when two surfaces slide on 
each other. 

A better explanation may lie in the loss of energy due to the 
elastic deformation of the balls and races, for it would seem that 
the deformation would not be greatly affected by the relatively 
large geometrical variations noted in Fig. 5. If this were the case, 
Coulomb friction would appear to be a relatively unimportant 
contributor to the motion resistance of high quality instrument 
bearings. 


Some of the information which may be obtained from a torque 
trace is: 


1 Mazimum peak torque would be the amplitude of the great- 
est peak on the chart. 

2 Average peak torque would be the average of the clockwise or 
counterclockwise-trace peak torques. 

3 Average torque would be the average of the entire clockwise 
or counterclock wise-torque trace. 

4 Root-mean-square torque of the entire trace can be obtained 
by suitable electrical instruments. 

5 The characteristic torque pattern of a bearing as the outer 
race is rotated is of interest. 

6 The reversible component of friction is a significant factor. 


Among the advantages which should result from the standardi- 
zation of instrument ball bearings would be the possibility of 
specifying such bearings by defining another of their important 
characteristics, i.e., friction torque. This will simplify the selection 
of bearings and enable designers to predict in a more accurate 
manner what the performance of an instrument will be. 

The tester is also applicable as a research tool for investigating 
rolling friction, ball bearings, lubricants, and other characteristics 
of instrument bearings. 

The Military Standard Tester should encourage a universal 
standard whereby bearing manufacturers, instrument manufac- 
turers, and airplane designers and builders will be better enabled 
to speak a common language on the subject of ball-bearing fric- 
tion torque. This should be reflected in economies in military 
procurement. 
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DISCUSSION 
J. G. Weir? 


The author has referred to Department of Defense work re- 
sulting in Mil-Std-206, both document and tester. As 
an introduction to the following comments, some further 
detail of this Department of Defense activity seems appropriate. 
The Department of Defense undertook the problem of stand- 
ardizing instrument ball-bearing torque testing at the request of 
the Instrument Precision Ball Bearing Committee of the Ameri- 
can Ordnance Association who laid the basic groundwork and has 
continued to give invaluable co-operation and assistance. The 
Department of Defense established an interservice task group for 
this work, and this group, in turn, appointed Wright Air Develop- 
ment Center and Naval Avionics Facility, Indianapolis, represent- 
atives as a sub-task or working group. Mr. Wm. E. Crowl of 
Wright Air Development Center and the writer, connected 
with the Naval Avionics Facility, Indianapolis, were privileged to 
be members of this sub-task group and to remain actively engaged 
in this work since its inception. Having discussed these com- 
ments with Mr. Crowl, they could be considered as Department 
of Defense Sub-Task Group comment. 


The Asch Equipment Company was selected to develop and 
prototype the Mil-Std-206 tester described in this paper be- 
cause of its previous work in this specialized field. 


In view of the foregoing, the writer finds it difficult to present 
caustic criticism. However, for the same reasons, he finds it 
even more difficult to agree completely or understand thoroughly. 


The author has presented what might be called the first chap- 
ter of a large book yet to be written. He has introduced, par- 
tially summarized, and presented some discussion of the sub- 
ject. It is therefore an introduction or preface opening many 
areas to question and many avenues for further investigation. 
These investigations could well consider the ultimate accuracy, 
the detailed mechanism of operation, the varied applications of 
the principle or technique, or possible modifications. 

One point which illustrates this last statement, and a point that 
has caused concern for bearing manufacturers and users, is that 
the tester described by the author is a laboratory instrument— 
a research tool—or a master gage. It is not, nor was it intended 
to be, a production gage. However, there is good reason to be- 
lieve that it could be modified to fit production requirements 
without undue sacrifice of accuracy or sensitivity. The mount- 
ing of the test bearing could be made more rapid, perhaps even 
automatic, without disrupting accuracy or sensitivity. In view 
of the response speed of the tester, it should be possible to in- 
crease rotational speed of the test bearing. How much the speed 
could be increased depends upon results of further usage and 
testing, on further study of the mechanism of operation, and upon 
the accuracy required. 


Another point that warrants emphasis is that the tester meas- 
ures bearing torque under specified conditions of speed, load, 
lubricant, alignment, axis position, and so on. It does not 
measure the torque expected from the bearing in its final appli- 
cation. Consequently, it assesses bearing quality or rates bear- 
ings comparatively. A study of the character of the recorded 
trace is, however, quite informative. The unique character- 
istics of the trace reveal much about the internal geometry, the 
condition of the retainer, the surface finish, and so forth, of the 
bearing. It is comparable to a fingerprint in that there are no 
two alike, yet the unique characteristics identify it with one 
owner. 


1U. S. Naval Avionics Facility, Indianapolis, Ind. 

Nove: This discussion was presented to the meeting as an informal 
talk, introduced with a statement that the author’s introductory com- 
ments had included the major content of the prepared discussion. 
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the Three-Lobe Bearing 


An analytical solution of 3-lobe journal bearings is offered based on the solution of the 
finite Reynolds equation. rant fle 
¢ spring constant are given for a range of L/D ratios and ellipticities. 


Expressions for eccentricity, lubricant flow, power loss, and 
The bearing is 


shown to be of superior quality both in its stability characteristics and in its hydrody- 
namic performance. Charts and equations for setting design requirements and calculat- 
ing performance are given in simple convenient form. 


Introduction 


HE requirements of industry to run bearings at ever 
increasing speeds and at conditions that often cause shaft in- 
stability brought about the use of radical bearing designs Jike the 
elliptical [1],? tilting shoe, and other forms of journal bearings. 
However, the 3-lobe bearing, due mainly to its complex geometry, 
remained unpopular as well as unexplored but, as shown by ex- 
periments [2] and as corroborated by the following analysis, it is 
one of the most stable bearings. Furthermore, despite the large 
lobe clearances, the 3-lobe bearing is extremely rigid which in 
many applications, like in the case of gears, is of paramount im- 
portance. 


1 When this paper was written the author included information and 
expressed opinions he believed to be correct and reliable. However, 
because of the constant advance of technical knowledge, the widely 
differing conditions of possible specific applications, and the possibil- 
ity of misapplication, neither the author nor his employer makes any 
warranty with respect to, or assumes any reliability arising out of this 
paper, its contents, or its use. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Lubrication Division of THe American So- 
CIETY OF MECHANICAL ENGINEERS and presented at the ASLE- 
ASME Lubrication Conference, Los Angeles, Calif., October 13-15, 
1958. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 1, 


Mention of the 3-lobe bearing is made in a previous paper by 
the author [3] and its antiwhip properties are given in reference 
[2]. The bearing as shown in Fig. 1 consists essentially of three 
eccentric lobes, the center of each lobe displaced an equal dis~ 
tance, called the ellipticity, from the center of the bearing thereby 
producing in most cases three active hydrodynamic pressure 
wedges. The solutions of Reynolds equation which were ob- 
tained on a 650 IBM digital computer were applied to each of 
these three lobes and the resultant forces balanced to obtain the 
locus of shaft center and load capacity as well as expressions for 
lubricant flow and power loss. This was done for several values 
of bearing ellipticity including the zero case which corresponds to 
a plain 3-groove circular bearing. Special attention is paid to its 
stability characteristics and a vomparison with other common 
bearing designs emphasizes the advantages of the 3-lobe con- 
figuration. Charts and graphs offer easy means of calculating 
bearing performance. 


Geometry of 3-Lobe Bearings 


As shown ii Fig. 1 the bearing consists of three equal non- 
concentric arcs. The difference in curvature or the difference in 
diameters between shaft and the bearing lobes is used here as the 
fundamental parameter and the entire analysis is conducted in 
terms of this clearance. The reasons for it are obvious: The 
film thickness can be written only in terms of this clearance and 


1958. Paper No. 58—LUB-2. so the solutions to the differential equation will contain it as the 
Nomenclature 
e = eccentricity, in. p = pressure, psi Fy, = horizontal component of F, di- 
€g = lobe eccentricity, in. r = Cy/C,, clearance ratio, dimen- mensionless 
h = film thickness, in. sionless Fy = vertical component of F, dimen- 
hoin = minimum film thickness, in. q = hydrodynamic flow coefficient, sionless 
j= "a loss coefficient, dimension- dimensionless H = power loss, lb-in/min 
ess x, 2 = rectangular co-ordinates, in 
H, = Petroff’s equation, |b-in/min 
hydrodynamic spring constant, = polar co-ordinate, radians 
, Ib/in. a = attitude angle, radians L = length of bearing, in. 
m= — ellipticity ratio, dimension- a, = lobe altitude angle, radians N = speed of shaft, rpm 
- € = ellipticity, in. P = unit loading, psi 
min 
2e H = viscosity, = a R = radius of shaft, in. 
n C? eccentricity ratio, dimension ; R, = radius of lobe, in. 
C = diametral clearance, in. i 
~ C,, = minor diametral clearance, in. Q = oil flow, in*/min 
Cy = major diametra! clearance, in VN 
ng = ——, bearing eccentricity ratio ™ major = clearance, Mm. _ 
: D = diameter of bearing (shaft), in. S P Sommerfeld 
dimensionless F = hydrodynamic force, dimension- 
ber, dimensionless 
n, = —, lobe eccentricity ratio, di- ; ine: od, in/mi 
. c* 7 ‘ F, = radial hydrodynamic force, di- U = linear speed, in/min 
mensionless mensionless W = bearing load, lb 
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basic parameter. While from the mathematical standpoint this C 
is the all-important clearance, in an actual bearing it is a com- 
pletely fictitious quantity as can be seen from Fig. 2. Two other 
clearances instead, the major clearance at the end of the lobes 
and the minor one at the center of the lobes, will be the physically 
real dimensions. In order to avoid confusion, a rigorous definition 
of the involved quantities follows: 


C = lobe clearance —the difference between the diameters of 
lobe and shaft 
minor clearance—the difference between the diameters 
of the inseribed circle and shaft 
major clearance—the difference between the diameters 
of the circumscribed circle and shaft 


ellipticity distance between geometric center of bear- 
ing and center of lobe 

cl eccentricity ratio—bearing eccentricity relative 
to radial clearance 

2e 

relative to radial minor clearance 


= bearing eccentricity ratio—bearing eccentricity 


2e Fig. 1 The 3-lobe beari 
= lobe eccentricity ratio —lobe eccentricity relative 


to lobe radial clearance 
rT ellipticity ratio—value of ellipticity relative to 


lobe radial clearance 


= clearance ratio—ratio of major to minor clear- 


ance 


Of all quantities m and n, are the two basic ones and all others 
can be derived from them, One relation that is particularly im- 
portant in the analysis and in the presentation of the results is 
that between the bearing attitude and the individual attitudes of 
the three lobes. Referring to Fig. 3, we obtain from simple 
trigonometry the following relationships: 


Np = (n? + m? + 2nm cosa) * 


nsin a 
Q, = aresin - 


[n? + m? + 2nm cos (7/3 + a@ 


, Fig. 2 Geometry of 3-lobe bearings 
2r nsin(r/3 + a 

Ar — — arcsin 
3 n R 


ny [n? + m? — 2nm cos (4/3 — 
nsin(w/3 — a) (3) 
= aresin — 
ny 


Thus once ¢ and @ are given all other quantities can be easily 
obtained. 

Here, as in the case of elliptical bearings, € is a new parameter 
and its variation is expressed in the values of m. Aside from m = 
0 which is the case of 3-groove circular bearing, two values of m 
were chosen, namely 1/2 and 2/3. 


From 


Cc. C/2 — €cos 0 


Cy C/2 — €cos #/3 


we obtain 
= () 
= 1/2 
= 2/3 Fig. 3 Trigonometry of 3-lobe bearings 
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The analysis thus covers cases up to a major clearance twice 
that of the minor clearance. Therefore, in 3-lobe bearings, the 
ellipticity may be high but the size of the major clearance remains 
moderate. In an elliptical bearing with an m = 1/2 the size of 
the major clearance is 2 C,,, while in a 3-lobe bearing it is only 1.5 
C 


Analysis 


The fundamental task of the analysis is to obtain solutions of 
Reynolds equation for a bearing are equal to the extent of the 
lobes of a 3-lobe bearing. The maximum span of a lobe is 120 deg. 
The lobes, however, are separated by axial grooves for admitting 
oil and in this analysis the grooves were allotted about 20 deg 
leaving for each lobe a net span of 100 deg. For each assigned 
bearing eccentricity there resulted three distinct lobe attitudes as 
indicated by equations (1-3), and Reynolds equation had to be 
solved for these various combinations of eccentricity and attitude 
angle. The solutions had to be repeatedly done over again for 
various values of @ for a given n until the sum of all horizontal 
components as generated in the three lobes equalled zero. 

The technique and details of programming the differential 
equation for the digital computer are given in reference [1] and 
will not be repeated here. The basic steps involve the conversion 
of Reynolds equation 
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into its dimensionless counterpart 


dp’ D\? 0 dp’ oh 
Ox’ &’ L 02’ \i pe’ Oz’ oz’ 
where p’ = 1/S, and then converting equation (6) into a set of n 
algebraic equations of the form 


Pn = + + + + 


where do, 4, dz, @3, and a, contain all the bearing constants as 
determined by the parameters n, a, m, and L/D. 

The grid for each bearing lobe consisted of about 140 points 
and the convergence of the resulting solutions was carried to an 
accuracy of one half of one per cent (0.004) as defined by 


per cent error = 


where Ap is the divergence between the (n — 1)st and the nth 
solution. 
From the solutions a resultant force was obtained given by 


F = 


This total force was then decomposed inio a vertical and 
horizontal component for each lobe, the directions of these com- 
ponents corresponding with the vertical and horizontal centerlines 
of the bearing. Thus for equilibrium in the bearing, see Fig. 1, the 
following conditions had to prevail 

Fur + + Fur = 9 (7 
Fy, + Pye + Poe = 1/8 


The flows were obtained from 
dp! 
Q= : dx = q 
I2u oz, 4 


and the values of q 
= ( rh’? 
3m \ L 


were summed for all three lobes. 


NDLC 


In this 
particular case only two lobes developed forces and these are 


A sample of one equilibrium solution is given in Fig. 4. 


Table 1 
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oz" 
S q — n= ni = —m = 1 
Nn m=O m=1/2 m=2/3 m=O m=1/2 m=2/3 1/2 2/3 
i 1/4 0.2 4 61 2.5 1.16 0.30 6.37 0.53 7A 45 62 0.575 7 0.70 1'/2 , 
, 0.4 3.2 1.0 0.59 0. 625 0.51 0.53 56 45 55 0.65 13 0.75 s : 
0.6 0.41 0.33 0.90 0.54 0.53 41 45 52 0.745 16'/s 0.80 12 
0.27 0.13 0.12 1.17 0.61 0.575 28 40 52 0.845 17'/2 0.86 14 
1.0 0.021 0.025 0.75 0.58 30 44 0965 15 4 
1/2 0.2 3.0 0.84 0.43 0.245 ©. 265 0.355 72 45 50 0.57 7 0 71 
0.4 = 0.40 0.21 0.47 0.31 0.35 dA 55 52 0.63 15 0.76 8 
0.6 0.385 0.20 0.11 0.68 0.335 0 38 55 50 0.71 20 0 
0.10 0. O84 0.054 0.92 0 425 0 41 45 0.815 22 0.86 13 
1.0 0.011 0.0125 0.50 0 465 30 10) 0.965 15 0.945 13 
0.2 1.3 0.45 0.21 0.16 0.125 0.18 42 50 0 58 6 0 71 % 
: 04 0.48 0.18 0.12 0.30 0.185 0.185 50 53 50 0.035 15 0 76 7'/s ‘ 
0.6 0.149 0.10 0.071 0.425 0.20 0.20 37 55 A) 0 71 20 0 Sl 11 
OS 0 059 0 O48 | 0 51 0 235 0.21 26'/. 45 22 86 13 
P 1.0 Beds 0.0083 0 28 0.23 30 10 0.965 15 0.945 13 


given for each point in the bearing mesh. The values are given in 


2 
terms of F = 5 (<) . The diagram at the bottom is a pres- 


sure profile along the circumferential center line and it shows the 
relatively small contribution of the left lobe in the case of the 
high eccentricity of ng = 0.8. 


The results of the analysis are given in Table 1 and portions of 
it are plotted in a series of charts which serve to indicate trends as 
well as to facilitate interpolation between the involved param- 
eters, 

Locus of Shaft Center. The locus of shaft center shown in Fig. 5 
covers L/D = land L/D = 1/2. Although these differ in Table 1 
they are close enough to blend into a single curve on a polar plot. 
The upper portions of the locus show the marked effect of the 
two side lobes which depress the curves to angles much lower than 
in any other bearing, this angle being around 70 deg for circular 
and around 90 deg for elliptical bearings. This, as will be shown 
later, is of decisive importance for the stability of the bearing. 
The locus is plotted in terms of the bearing attitude but a back- 
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Fig. 6 Relation between bearing and lobe eccentricity 
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ground of the lobe attitude is given to provide a graphical picture 
of the relationship between the two attitudes. The location of O; 
in Fig. 4 corresponds to the case of m = 1/2 since Ong = OO;.- 
By extending the lines of the polar plot of nz, it is possible to read 
the eccentricity and angle in terms of either the bearing or lobe 
attitude. The relation between ng and n, as calculated from 
equations (1-3) are also plotted in Fig. 6. 

Load Capacity. The main feature of the analysis is the relation 
between the Sommerfeld number and eccentricity. These results 
are plotted in Fig. 7. The Sommerfeld number is plotted in terms 
of the lobe eccentricity, the reason, as just given, being that only 
n, can yield the value of the minimum film thickness, namely 


hmin = (1 — n,)C/2 (10) 
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Fig. 7 (a, b,c) Sommerfeld curves and flow coefficients versus eccentrictiy 
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It is, of course, a simple matter to find S = f(ng) by the use of 
Fig. 5 where ng is given as a function of nz. It should also be 


noticed that the C used in S = uN D 


C 
i.e., the difference between lobe and shaft diameters. 

As a comparison with other common antiwhip bearings, Fig. 8 
gives the load capacity of 3-lobe bearings together with those of 
elliptical and 4-groove designs. All calculations were made for a 
common minor clearance equal to C/2 and the load capacities are 
plotted as functions of the absolute value of the minimum film 
thickness. Our main interest is in the region of low eccentricities 
and, of all the 3-lobe bearings, the case of m = 1/2 gives the 
highest load capacity. Of course, if the case of m = 2/3 were 
based on a lobe clearance equal to that of m = 1/2 (instead of 
equating their minor clearances) then the m = 2/3 would have 
had the highest load capacity. At high eccentricities the bearing 
with m = 0 has the highest load capacity, this being due to the 
fact that at high eccentricities (a) the two side lobes become in- 
operative, (b) the eccentricities for all values of m become nearly 
equal, (c) for a plain 3-groove bearing the radial clearance is 
C/2; for an equivalent 3-lobe bearing it is, depending on m, either 
3/2 C or 2 C. Therefore the plain 3-groove bearing having the 
smallest clearance vields the highest load capacity. All this indi- 
cates that the 3-lobe bearing is an effective design primarily for 
low-load application where load capacity is not a problem but 
where whip is the main concern. 

Oil Flow. The flow out the sides of a bearing is from the 
derivation of Reynolds equation equal to 


Q = 2 P dx 
o 12m 02 


Values for the slope - 
re) 


2 
is the lobe clearance, 


4 were obtained by fitting a curve through 


the discrete pressure points in the mesh and the coefficient q was 
obtained on the computer. Thus to compute the hydrodynamic 
oil flow the following simple formula can be used: 


(11) 


where q is given in Fig. 7. Again, the clearance used in equation 
(11) is the lobe clearance. If oil is delivered under pressure then 


LOAD CAPACITY, P isa 


Fig. 8 Comparative load capacity of 3-lobe bearings 


Journal of Basic Engineering 


in addition to the hydrodynamic component there will also be a 
zero-speed flow and a method of estimating it is given in reference 
{1]. The main task here is one of obtaining a flux plot for the 
bearing geometry in which the ratio of the curvilinear rectangles 
changes in proportion to the cube of the local bearing clearance. 

Power Loss. The task of calculating power loss will be facili- 
tated by employing a factor j which relates the losses in a 3-lobe 
bearing to that of a concentric circular bearing of clearance C. 
Thus 


j = H/H, = (12) 


the denominator being recognized as Petroff’s equation. The co- 
efficient j thus has to account for three effects: The ellipticity, the 
eccentricity, and the incompleteness of the oil film in the diverging 
portions of the bearing. Again all the details of this approach are 
given in reference [1], the integrals that provide the value of j for 
each lobe being 


Jo 1 + ncos 0 2r (1 + n cos 


The first integral represents the losses in the full film portion of 
the lobe, the second in the incomplete portion. This has to be 
done for each lobe remembering that each lobe has a different at- 
titude for a given shaft position. Then the expression for power 
loss in a 3-lobe bearing is simply 


(13) 


DIL 
H = 


(14) 

The value of j for various ellipticity ratios is plotted as a func- 
tion of ng in Fig. 9. It can be seen that up to attitudes of 0.6 the 
losses actually decrease, this phenomenon due to the effect of the 
incomplete oil film being more pronounced than the increase in 
eccentricity, particularly since one of the lobes actually ex- 
periences a decrease in eccentricity. 

A word must be said about the value of @,, the angle at which 
the complete oil film ends. In a discussion to reference [1], Mr. 
Cole pointed out that the full oil film doesn’t necessarily end at 


POWER LOSS COEFFICIENT, Jj 
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Fig. 9 Power loss coefficient 
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Assumed Fall Od Film 


Fig. 10 Oil flow pattern 


Fig. 10 shows the flow pattern involved and a general ex- 
pression for the circumferential flow can be written in the form 


Q UChL L/2 Op 
12m ox 


At hy, the flow is 


Q = +A 


9 


where A is the extra flow due to the negative pressure gradient in 
the direction of flow. This means that the oil film will remain full 
despite the diverging clearance up to the end of the pressure 
wave. However, the use of A,,\, as the end of the full oil film will 
introduce a negligible error. In the first place the distance be- 
tween hyi, and @ is small, in Fig. 4 amounting to only 7 deg. 
Secondly it is easy to show that the reduction of the oil film in a 
span of 10 deg following hai, amounts to about 2-5 per cent for 
eccentricities from 0.2 to 0.8. Thus, for the over-all bearing arc, 
the error will be less than 1/2 per cent. 

Stability. Paralleling the general definition of a spring constant 
one can obtain such values for an oil film from the relation bet ween 
load and shaft displacement. Thus from 


dG 
ds 


G being force and s displacement, we have, referring to Fig.11 


dw 
(15) 
Amin 
where Wy is the radial load component or the load in the direction 
of shaft displacement. 
Since 


D/C)? 


Wr = Weosa D-L cos @ 


und 


hein 
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Variation in radial load 


451. 
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Fig. 12 Spring constant curves 


k = QuNL ( It) 


dn 


D d(cos a/S) 


1 
Thus from a plot of ( g } COS & versus eccentricity one can obtain 
4 


the slope of the W, versus n curve. 
written as 


Equation (16) can also be 


2SW 


k= X slope (17) 


The slope, of course, has different values for different attitudes 
rising steeply at higher eccentricities. Fig. 12 gives a plot of Fz 
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= —g versus n for different bearings all adjusted to the same 


multiplying factor -; thus the values of the slopes are directly 


proportional to the k-values of the various being designs. Table 2 
gives a set of values of k for these bearings. 


Table 2 


3L, Ellip- 3L, 3 4 
='!/, tical m = Groove Groove 
50 50 32 19 8.6 
53 38 38 28 24 


2Cm 


3 


“ Minor clearance = 


In all of these bearings, conditions of operation were kept 
the same. With respect to the value of clearance which is a 
variable in the elliptical and 3-lobe bearings, the quantity that 
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was kept fixed was the minor clearance C,, which was the same for 
all bearings except for case A where the major clearance was kept 
uN 

D 


constant. Values of k were calculated for two values of S = 


namely, 0.75 and 0.5. Low values of eccentricity were 


picked for comparison because this is where instability is likely to 
occur. At higher eccentricities the values of k for the 3-lobe bear- 
ings are no better than for the other designs but this is a region 
outside our interests. The prominent position that the 3-lobe 
bearing occupies in the stability table is self-evident 
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An Investigation of Dry Adhesive Wear 


R. P. STEUN 


Research Project Engineer, 
E. |. du Pont de Nemours & Company, 
Wilmington, Del. 


by Archard. 


Sliding-motion experiments under unlubricated conditions have been carried out on 
various metals, und the results are discussed in terms of the simple wear theory advanced 


Oxide-film formation has been studied by electrical contact-resistance measurements 
made in conjunction with wear tests. 


The effects on the wear rate and basic wear 


formula are discussed. For the ring apparatus, a modified expression for the wear 
formula is suggested to incorporate surface oxidation. 

Although it was found that the sliding of a soft material on a hard material follows 
simple wear rules, discrepancies are reported for the wear of brass against brass. In 
these experiments, the wear rate is affected by the geometry of the apparent area of 


contact. 


” A long time, the complex nature of the wear proc- 
ess has successfully thwarted serious efforts to obtain a funda- 
mental understanding of what is actually taking place when two 
surfaces are brought in sliding contact. However, it appears 
that in the past decade substantial progress has been made, and, 
very recently indeed, systematic studies by various research 
groups have notably enlarged our comprehension of some of the 
physical and mechanical processes that take place when metals 
rub together. To an even greater extent, the many studies of 
wear in unlubricated metals have brought us closer to a working 
theory for predicting the behavior of metals in sliding contact. 
In this field, the contribution of Hirst and his co-workers in Alder- 
maston, England, has been particularly outstanding. 

It is the purpose of this paper further to elaborate on the wear 
of unlubricated metals by describing some experiments in wear re- 
search and some observations of interest to the student of wear, 
metal transfer, and the sliding surface. 


Wear Apparatus 


The study of wear requires, in most cases, a mechanical device 
that applies some form of sliding motion between the materials 
to be tested. Many such devices have been designed, and de- 
scriptions of these can be found throughout the wear literature. 
But the bulk of the latest scientific information on the wear of 
unlubricated metals was obtained on one simple sliding device, 
the so-called pin-and-cylinder machine used by Hirst and his co- 
workers in Aldermaston [1].! 

The point could be argued whether or not a wear apparatus of 
different sliding geometry would reveal the same fundamental 
characteristics. For this reason we have studied some aspects of 
“dry” wear by using two wear testers of different design and slid- 
ing geometry. 

The first tester is a sliding device similar to Burwell’s [2] in 
which the specimen, preferably in the shape of a cone or a small 
sphere, is rubbed against a flat, rotating disk in a circular track. 
{For wear-specimen dimensions, see Fig. 1(a)]. If the wear sur- 
face of the disk is made harder than the specimen, only the latter 
will wear. The wear can be determined by optically measuring 
the diameter of the flat wear scar on the cone or sphere. 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Lubrication Division of THe American So- 
CIETY OF MECHANICAL ENGINEERS and presented at the ASLE- 
ASME Lubrication Conference, Los Angeles, Calif., Oct. 13-15, 1958. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 2, 
1958. Paper No. 58—-LUB-8. 
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The second wear tester makes use of the sliding between two 
flat annular rings. One ring is mounted on a horizontal turntable 
while the other one is held stationary on top of the rotating ring 
under a vertically applied load. Here the amount of wear is de- 
termined from the weight loss of the rings measurable on an ana- 
lytical balance. Standard ring dimensions are 1'/, in. OD, 7/s 
in. ID, and '/, in. thick [Fig. 1(6)]. The apparatus can be en- 
closed in a Lucite? chamber, thus making it possible to exclude 
surface oxidation by running the tests in an inert-gas atmosphere. 

The use of the Burwell tester appears attractive for a number of 
reasons. One is that a comparatively clean form of sliding is ac- 
complished. Contrary to the ring-type machine in which the 
wear debris is easily trapped between the mating surfaces, the 
wear products on the Burwell tester have an excellent chance to be 
thrown or pushed off. Burwell used this tester in experiments to 
study what he termed ‘‘adhesive wear’’ and, by flooding the disk 
with an inert lubricant to keep oxidation to a minimum, he felt 
that optimum conditions were promoted for investigating the 
laws underlying the irreducible minimum or base wear. 

Another advantage of the Burwell tester is that, during the test, 
the flat wear scar increases its size while the load remains con- 
stant. Yet, on the basis of Archard’s expression for ‘“‘simple’’ 
wear, the wear data obtained on a Burwell tester would fall on a 
straight line if plotted against sliding distance. This, too, is im- 
plicit in the simple wear theory which is ruled by the following 
criteria: 


1 Wear rate is independent of the apparent area of contact. 
2 Wear rate is proportional to load (for the same surface con- 
ditions). 


Ample experimental evidence of this behavior has been demon- 
strated before [1, 2], and the validity of this theorem is not ques- 
tioned at this point. 

Finally, the Burwell tester is a very simple device that can be 
easily fashioned from an inverted drill press or a metallographic 
polishing wheel. Wear determination is straightforward and ac- 
curate, while both specimen size and shape are convenient to 
handle. The most outstanding feature, however, is that with this 
relatively simple sliding motion, the reproducibility of results is 
found to be excellent. 


Experimental Procedure 
The Burwell Apparatus 


Fig. 2 is a typical example of some of our data taken on a Bur- 
well tester. The specimen was a '!/,-in-diam sphere of SAE 1018 


2 du Pont’s trademark for acrylic resin. 
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RING SPECIMENS 


No Slots 4 Slots 2 Slots 1 Slot 
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| | 
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1. D. 8755] 
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0.D.1. 
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Fig. lb Fig. lc Fig. ld Fig. le 
Fig.‘] Wear test speci di i 
40r 12.0F 
80°" sec 
30+ Ya" dia sphere 
10 0F 
& CONE 
20r - BRASS 
8 OF 170. 50 
0 1 4 L j CONE 
SLIDING DISTANCE 1000gm- 50°"Ysec 
Fig. 2 Wear versus sliding distance—SAE 1018 sphere - 
CYANIDED 
(78 Rockwell B). The wear plate was an alloy steel, heat-treated 
to 64 Rockwell C, ground, and polished to 10 to 12 microin. rms. “0 2 3 4 5 é r 6 he 
Sliding speed was 80 cm per sec under a load of 300 grams. It oe eee 
can be seen that the wear is quite accurately linear with sliding Fig. 3 Wear versus sliding dist luminum, brass, stainless, and 


time or distance of travel, and that the wear rate is independent ¢yanided mild steel specimens 
of the apparent area of contact over the entire sliding distance. 
Tests using different materials indicate the same general be- 


havior (Fig. 3). Even for case-hardened mild steel, the linear 30+ an [ 
relationship is readily obeyed. (For testing on the Burwell ma- a, 
chine, the mild steel spheres should be case-hardened to a depth 
which assures wearing of the case only.) All these tests ap- 


parently follow the same rule that the wear rate is independent 
of the apparent area of contact. 

The rate of wear, however, does not always remain constant for 
the entire length of the experiment. Fig. 4 is a plot of three tests 
simultaneously carried out on a battery of three Burwell wear- 
test machines. The specimens were soft-annealed SAE 1018 !/,- 
in-diam spheres. The wear-versus-time curve in each of these 
tests cannot be drawn as a straight line but is apparently made up 
of two linear parts separated by a sudden change of slope. Thus 


* it seems that for each part, the wear rate is independent of the 
apparent area of contact, but the magnitude of the wear con- 2 
stants has changed. SLIDING DISTANCE (hr) 
7 The same behavior has been encountered in several of our tests. Fig. 4 Wear versus sliding dist proces led SAE 1018 
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Fig. 5 gives the results of a series of wear tests on SAE 1018 balls 
at loads of 150, 300, 600, and 1,000 grams. The previously 
stated rule of proportionality of wear rate with load is followed 
only for the initial straight-line portion. 

Fig. 6 is another example. Here we also have an indication 
that this type of behavior is temperature-controlled, since the 
first change in slope occurred after a period of rest and “cooling 
off” of the mechanical equipment. The experiment was carried 
out without interruption for 10 hours, except for short stops every 
hour to measure the wear rate; then it was stopped for the night 
and continued the next morning. It can be seen that on the 
second day the wear was delayed for a period of several hours and 
was practically nil until it suddenly incre sed and regained the 
average value of the preceding day. 


Oxidation and Surface Film 


Observations of this nature have again drawn attention to the 
effect on wear of oxidation and surface-film formation, especially 
since, in all tests mentioned so far, the wear products were not 
metallic but consisted of reddish-brown powder identified by x- 
Also, at all times the 
wear sear on the specimen was bright and shiny, implying that 
oxidation takes place after fragments of the ball material are 
severed and separated from the specimen. 


ray diffraction as predominantly a-Fe,Qs. 


There is no percep- 
tible wear of the plate, and so the oxide, which at times visibly 
collects on the wear tracks, must be oxidized ball material. 

It is possible to follow the formation of an oxide film on the 
track by carrying out electrical contact-resistance measurements 
during the wear test. The contact resistance was obtained from 
the voltage drop across the wear couple, which was fed into a non- 
linear diode network and, after amplification, used to drive a 
Brush oscillograph. To check possible thermal-contact electro- 
motive forces, a polarity switch was included for frequent rever- 
sal of the d-c current source, but no effects were found. 

Heating of the junctions by the current amounted, on the av- 
erage, to O.OL0 per cent of the frictional heat generated under the 
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Fig.5 Wear versus sliding distance and rate of wear versus load—SAE 
1018 spheres 


500 Grams 
80 "sec 


6 8 10 12 14 
SLIDING DISTANCE (hr) 


Fig.6 Wear versus sliding distance—SAE 52100. Effect of intermittent 
testing. 
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Fig. 8 (a) 


; 


Fig. 8 (c) Fig. 8 (d) 


Fig. 8 Photographs of wear track showing breakdown of oxide film 
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imposed testing conditions of load, sliding speed, and coefficient of 
friction. This is considered negligibly small. A timing device 
was so arranged in the instrumentation that voltage-drop record- 
ings were made for 10 seconds, duration out of every minute. 

A typical result of the data thus obtained is shown in Fig. 7. 
This plot refers to the wear of a hardened '/,-in-diam ball (SAE 
52100) on a wear plate of fully hardened alloy steel, under a 
vertical load of 640 grams and a sliding speed of 40 cm per sec. 
The test was run with overnight rests to examine what possible 
effect this could have on the wear rate. It can be seen that there 
exists a correlation between the rate of wear and the contact 
resistance, The flat horizontal plateaus of very low wear usually 
occur after the equipment has had an overnight rest. 

When testing is resumed the following day, the contact resist- 
ance is first equal to that measured at the end of the preceding 
run, but increases substantially by the rapid build-up of an oxide 
film on the wear track. The resistance might reach values as high 
as 150 kQ, which means a practically open circuit caused by a non- 
conducting film between the rubbing parts. After some time 
the oxide film breaks; once begun, this breakdown rapidly pro- 
gresses, and the oxide is thrown off in a matter of minutes. See 


Q 
fo] 
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RESISTANCE 


ELECTRICAL CONTACT RESISTANCE 


PLATE TEMPERATURE 


HEAT LAMP ON he 


Figs. 8(a, b, c, and d). This then leaves bare metal rubbing 
against bare metal at a high rate of wear and a correspondingly 
low resistance. 


Oxides, Wear, and Heat 


It is not clear what causes the oxidized ball material to adhere 
tenaciously on the wear track and to become completely detached 
and thrown off a short time later. Some indication that the 
temperature is a controlling factor was gained by measur- 
ing the temperature of the plate near the track with a standard 
thermocouple. It was found that this plate temperature reached a 
maximum of 120 F after a few hoursof runningtime. The tem- 
perature rise is caused by heat conduction through the gear box 
from the drive motor located directly below the turntable. The 
rate of wear, or rather the protection against metal-to-metal con- 
tact afforded by an oxide-covered wear track, appears to be quite 
temperature sensitive. When the temperature is low, i.e., 75 to 77 
F at the start of a test run, the oxide adheres tightly to the track. 
Thus a high contact resistance is measured and the accompanying 
rate of wear is low. But after a few hours of running, the plate 
temperature rises and the oxide breaks away, exposing a clear 
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Fig. 9 Relationship of oxide-film formation and temperature—steel agains? steel 
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wear track. At this point the contact resistance falls off 
and the wear rate reaches its maximum value. 

This process can be accelerated by preheating the wear plate 
with a 250-w infrared heat lamp. In that case no region of de- 
cidedly low wear appears initially in the wear-versus-distance 
curve. Also, a wear track heavily covered with oxide can be 
caused to throw off its protection and become brightly metallic 
in a very short time by suddenly exposing the wear plate to the 
radiation of the heat lamp. 

Fig. 9 shows some results of a wear test in which the initial 
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Fig. 10 Comparative wear tests—ring and Burwell machines—60/40 brass on steel 
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Fig. 11 Comparative wear tests—ring and Burwell machines—Al 24 ST on steel 


wear is small and a heavy oxide is formed on the wear plate dur- 
ing the first hour of the experiment. The ambient room tem- 
perature was 76F. At the end of this hour, the plate temperature 
registered 81 F. At this point the heat lamp installed directly 
over the wear assembly was turned on to accelerate the warming 
up of the wear plate. The subsequent increase of the rate of wear 
is quite evident from the plot. The first visible break in the oxide 
protection did not appear until the plate temperature measured 
84F. From then on, the wear track cleared rapidly, accompanied 
by a decreasing contact resistance and a high rate of wear. 
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Finally, wear testing was carried out on two nonferrous alloys 
in the Burwel: machine. One alloy is 60/40 free-cutting brass 
(61.5 per cent copper, 35.25 per cent zinc, and 3.25 per cent lead), 
the other aluminum 24ST (Al + 4.4 per cent copper, 1.5 per cent 
magnesium, 0.6 per cent manganese). The specimens were cone- 
shaped, with a semiapex of 45 deg and */, in. diam. The wear 
plate was fully hardened alloy steel, 64 Rockwell C. Sliding 
speed was 30 cm per sec for the brass on steel, and 50 cm per sec 
for the aluminum on steel. The results of the tests are plotted in 
Figs. 10(b) and 11(b). For both the alloys, the wear behavior 
appears normal, the wear rates are proportional with load, and 
the rules for “‘simple’’ wear are followed. 


The Ring Tester 


Wear experiments on the ring machine were carried out using 
rings of 60/40 free-cutting brass against steel of 64 Rockwell C. 
To minimize scoring and other abrasive effects by wear particles 
caught between the mating surfaces, these rings had been pro- 
vided with narrow radial slots to enhance the escape of loose wear 
debris. By varying 
the number of such “escape ports,” the total apparent area of 
contact could be varied from test to test. 
Fig. 1. 

Fig. 12 gives the results of the wear tests of brass on steel at 50 
rpm (400 cm per min sliding speed) and under loads ranging 
from 200 to 2500 grams. In all these tests, the wear surface of 
the steel ring was unslotted while the brass rings were provided 


The slots were '/s in. wide and 4/32 in. deep. 


For ring geometry see 


Table 1 


with either four, two, or only one slot. Wear of the steel rings 
was found to be nil, although a thin film of transferred brass was 
readily formed on the steel surface. It can be seen on the graph 
that the wear-distance curves are straight lines, but that the wear 
rate-versus-load relationship is linear only above a threshold 
value. Below this value, which appears to be specific for the 
four-slotted, two-slotted, and one-slotted ring, the wear rate takes 
a considerable dip and decreases sigmoidally with the applied 
load. It is certain that oxidation here prevents substantial wear 
and a black wear debris is found on the surface of the brass at the 
end of the test run. X-ray diffraction analysis indicated that this 
debris consists of 70 per cent @-brass, 15 per cent pure copper, and 
the balance zine oxide. 

Above the knee in the wear-load relation, the wear rates for the 
rings with four slots and the rings with two slots are equal for 
corresponding loads. This again confirms that the wear process 
in this case is independent of the apparent area of contact. The 
wear rates listed in Table 1 have been computed from the slope of 
the straight lines which fit the data according to the method of 
least squares. A statistical analysis made by carrying out a linear 
regression on these data showed conclusively that no significance 
is to be attached to the subtle differences in wear rate between the 
rings with four and with two slots. 

The sigmoidal part at the lower end of the relation between 
rate of wear and load well illustrates the role which oxidation 
plays. Fig. 12 shows that the load at which the wear rate com- 


mences to fail off is lower as the number of slots increases. The 
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were obtained directly from plotting wear versus distance. 
statistical curve-fitting procedures. 
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Fig. 12 Wear versus load (low-load region) and sliding distance—slotted brass ring on unslotted steel 
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shape of this portion suggests that the wear expression V = k 


L 
after Archard [3] is modified by a factor of the general form: 
Pm 


mL" 


l—e 
in which L is the load and m and n are constants. The numerical 
values of mand n can be found by plotting the experimental data 
on log-log paper. They are given in Table 3. 

In order to make proper comparison between the coefficients of 
wear on the two wear apparatus, it was necessary to run another 
series of brass-on-steel tests on the ring machine at considerably 
higher sliding velocity. The results of these tests, given in Fig 
10(a), show that the wear at 225 rpm or 1800 em per min follows 
the same sigmoidal pattern noted before on the series at 50 rpm. 
However, the rate of wear at the faster sliding speed is consist- 
ently lower (Fig. 13). This is in agreement with the often-made 
observation by others that wear decreases with higher sliding 
speeds. 

The data on brass presented in Fig. 10 permit computation of 
Archard’s k-value for both the wear apparatus. Similar data for 
the wear of aluminum 24ST are plotted in Fig. 11. The alu- 
minum ring was provided with four slots; the specimens for use 
on the Burwell machine were aluminum cones. The k-values for 
this aluminum, together with those for 60/40 brass, are listed in 
Table 2. 

Wear Tests of Similar Metals 


Finally, a few preliminary experiments on the wear of similar 


Ball-on-plate machine 


Table 2 Coefficients of wear—brass and aluminum alloy. 
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Fig. 13 Wear-load relationship at different sliding speeds 
metals were carried out on the ring apparatus. Brass rings with- 
out slots were run on brass rings without slots, and on brass rings 
with four slots, under a load of 500 grams and at 50 rpm (Fig. 14) 
The results show that in the case of the ring without slots sliding 
on the ring with slots, the two rings wear by significantly dif- 
ferent amounts. To check this for other materials, a similar test 
was run using aluminum bronze (11 per cent aluminum, 4 per 


cent iron, balance copper). In this case also, as can be seen in 


Burwell and ring machines. 
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Table 3 Empirical values of constants m and a related to the wear of 
slotted brass against steel 
No. of slots n-Value m-Value 


4 
2 
1 


Fig 14(c), the wear rates of the rings with and without slots differ 
significantly. 


Discussion 
Simple Wear Theory 


The experimental work presented here is, in general, in agree- 
ment with the basic concepts for simple sliding and can be inter- 
preted in terms of Archard’s model, in which wear is considered as 
the removal of blobs of metal from small contact areas formed by 
plastic deformation [3]. Thus the wear is independent of the ap- 
parent area of contact, and the wear rate is directly proportional 
to load. These two rules of wear can be considered as a direct 
outgrowth of the behavior of frictional contacts between sliding 
surfaces. 

However, Archard [4, 5] has also pointed out that the assump- 
tion of plastic deformation is not a requisite condition for the ob- 
served wear-load relationship and has shown that the total con- 
tact area A is related to the load L by a theoretical expression: 


A = KL* 


in which n depends on the assumed model. For multiple-contact 
conditions (in contrast to the single-contact model), as the theo- 
retical model becomes more complex, the value of n approaches 
unity. The particular model of multiple edhtacts treated by 
Archard appears satisfactory for the case of a soft on a hard 
metal. This gives n = 0.8 for elastic deformation and n = 1.00 
for plastic deformation. Our data (Figs. 10 and 11) are in good 
agreement with n equal to unity and fit in well with the simple 
wear theory for the sliding of a soft on a hard metal. 

The wear expression for simple sliding conditions has been 
written as 


in which W is the wear, s the sliding distance, L the load, p,, the 
flow pressure of the softer material, and k a constant denoting the 
probability of forming a loose wear particle at a contact point [3]. 
The numerical value of k is therefore a measure of the severity of 
wear, and if known, could be used in simple wear calculations. 
Empirical values of k, also called the coefficient of wear, were ob- 
tained by Archard and Hirst on a pin-cylinder machine and have 
been published in the literature [1]. 

It is important to know how such k-values compare when com- 
puted from wear data measured on wear test apparatus of a dif- 
ferent type and sliding arrangement. Table 2 has shown that, for 
brass and aluminum, excellent agreement exists between the k- 
values from data obtained on the Burwell apparatus and those 
from the ring machine. For the theory of wear this is significant 
as it infers independence from the geometry of the sliding ar- 
rangement. In other words, Archard’s simple wear theory refers 
indeed to a mechanism of material removal which is based on first 
principles. 


Changing Wear Rate by Oxidation 


The theory, however, does not explain the sudden changes in 
the wear rate frequently encountered during the experiments. 
(Figs. 4 and 6). Hirst and Lancaster have reported similar oc- 
currences during single wear tests and, on the basis of numerous 
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observations, concluded that there are two types of wear, a mild 
type and a severe type, and that sometimes the wear process may 
alternate from one type to the other. 

In our experiments there seems little justification to make a 
strong distinction between the wear process before and after the 
break in the slope of the wear-against-distance curve. The scale 
or magnitude has changed, but the wear product formed both in 
the high-wear region and the low-wear region is fine, powdery, 
red iron oxide which x-ray diffraction analysis has characterized 
as 90 per cent a-Fe,O;, 10 per cent y-Fe,O;. At no time have we 
observed metallic iron fragments, nor has a typical iron line been 
found in the diffraction pattern. It is felt that these oxides also 
account for the exceptionally high values which were measured 
for the contact resistance, even when the wear track looked clean 
and the rate of wear was high. 

Obviously, the resistance measured is indicative of the degree 
of metallic contact between the sliding surface. It has already 
been pointed out that the oxide on the track is actually the oxi- 
dized wear specimen and that the wear scar on the ball shows no 
surface oxidation. Thus a process of metallic transfer must have 
taken place, and oxidation is only the second step in the wear 
mechanism. This has been elucidated by Kerridge [6] on a pin- 
cylinder machine and forms the subject of another investigation 
(7]. 

The degree of metallic contact is clearly influenced by the exist- 
ence of oxides between the sliding surfaces, whether in the form 
of a tenacious surface film on the track or as loose oxide particles 
between the surfaces. Because these nonmetallic contacts carry 
part of the total load, the metallic wear is changed accordingly. 
This picture is in many respects akin to the mechanism described 
by Rabinowicz for the wear of boundary lubricated surfaces [8]. 
If @ is the fraction of the surface which remains unlubricated and 
the wear of the lubricated fraction is presumably nil, Rabinowicz 
reasons that the total wear W can be written as 


W = 


in which W,, is the wear if the surfaces were unlubricated and the 
constant B (a volume term) is related to @ (an area term) as fol- 
lows: 
a = ps 
Similarly, if oxide formation has reduced the effective area of 
metallic contact between two sliding surfaces by a factor a, the 
wear W may be written in terms of the wear of clean surfaces 
W,, as 


W = BW,, 


in which W,, = ks = and B = a’? 


mm 


In other words, the basic mechanism of wear is not altered and 
fundamentally the simple wear theory still applies, but the sur- 
face conditions have changed so as to reduce the total metallic 
contact area. 


New Surface Conditions 


Once the new surface conditions are formed and a new equilib- 
rium is established the wear rate can be expected to remain con- 
stant for as long as the new surface conditions prevail. This de- 
pends to a large extent on the temperature. Our experiments indi- 
cate that, by artificial preheating of the assembly up to approxi- 
mately 120 F, the formation of a surface film of iron oxide on the 
plate is wholly prevented. There is no evidence of a gradual build- 
up followed by a breakaway. Probably the oxidation of the 
transferred particle is so instantaneous and complete, and the ad- 
hesion on the substrate so weakened thereby that the transferred 
particle, as an oxide, is swept away at once. It seems certain 


Transactions of the ASME 


4.5 2.7 xX 10-3 

5.9 4.0 X 

i | 


that the size of the transferred fragment and the junction by 
which it is attached to the substrate are critical factors in this 
process. Details of such a mechanism, however, must await 
closer investigation. Until then, we may only speculate. 

That the decrease in the rate of wear of sliding components un- 
dergoing surface film formation is not only temperature-depend- 
ent, but also strongly dependent on the load, is shown by wear 
experiments on the ring tester using 60/40 brass on hard steel, 
Fig. 10(a). These tests were run at such low sliding speeds (6.7 
em per sec) that no heating of the specimen occurred other than 
by temperature flashes at the junctions which, it is generally ac- 
cepted, normally take place on any sliding surface. Also, the 
motor driving the ring device is physically located in such a posix 
tion that heat transfer from the warm motor to the rings is prac- 
tically nil at any time. (This condition is in contrast to that of 
the Burwell machine where a slight increase in temperature takes 
place.) Thus the temperature was kept constant as much as was 
possible under the circumstances. 

At first sight, it might look surprising that a protective film 
containing zinc oxide is found at low load, and that at higher loads, 
no oxidation takes place and the wear products are purely metallic 
fragments of brass. The answer here must be sought in the fact 
that the wear mechanism on the ring apparatus is the same two- 
step process discovered by Kerridge [9], and consists of first trans- 
fer, and then removal of the transferred film of brass [7]. The re- 
moval of the transferred blobs by continuous stroking and rubbing 
becomes obviously inefficient at lower loads, and the exposed blob 
of highly overworked metal oxidizes readily in the air. Thus, 
with decreasing load, the formation of a surface film increases 
which, in turn, reduces the wear by protective action. 


A Complex Mechanism 


Because of the complexity of this mechanism, it is difficult 
mathematically to predict the wear behavior in the region in 
which the formation of a surface oxide film obscures the wear law. 
Writing again W = BW,,, it must now be realized that B is a 
function of the load L. The empirical wear-versus-load relation- 
ship has been interpreted as 


W =ks (1 — 


The physical significance of this relationship is presently under 
investigation, but it is already interesting to note that this ex- 
pression for 8 has the general form of a cumulative normal dis- 
tribution curve. Thus without too much speculation, it may be 
said that the results are probably related to a statistical distribu- 
tion of a population of clean and oxidized contact areas. It is 
expected that the design of a statistical model will fully elucidate 
this point as, basically, wear is statistical in nature. 


Effect of the Geometry of the Apparent Contact Area 


Although the simple wear theory seems to account well for the 
experiments on the Burwell apparatus, and for the wear of a rela- 
tively soft against a hard metal on the ring machine, the sliding of 
two similar metals on the ring tester indicates that the resulting 
wear behavior is perhaps outside the realm of “simple’’  slid- 
ing wear. 

Fig. 14 has shown that the brass and aluminum rings without 
slots wear considerably more than their counterparts of the same 
material with four slots. This came as a surprise, as it had been 
expected on grounds of the simple wear theory that the wear on 
both rings would be equal. Since this is not so, it is necessary to 
examine critically the applicability of simple wear concepts to 
actual sliding conditions and sliding geometries. 

The simple wear theory in many respects does not concern 
itself with detail. Archard’s k-factor is a probability constant 
to denote the probability of formation of a loose wear particle 
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from a surface encounter. It does not give the mechanics for the 
hirth of a loose wear particle. By varying again the number of 
slots per brass ring, but now running against nonslotted brass in- 
stead of steel, we have found that the wear rate of the slotted 
brass decreases with an increasing number of slots, or equiva- 
lently, less apparent contact area [7]. This may well imply that, 
for this particular geometry, the simple wear concepts are not 
applicable and that wear is not—in the original sense—independ- 
ent of the apparent area of contact. 
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DISCUSSION 
W. E. Campbell* 


This paper presents a welcome addition to the growing mass of 
data on wear of unlubricated metals which can be interpreted 
in terms of a rational simple theory. 

The falling off in rate after rest periods is of particular interest. 
An identical effect for panel bank contacts,‘ where a phosphor- 
bronze wiper slides at a low speed (25 cm/sec), under low load 
(25-50 gr) on brass, was described by the writer to the Victor 
Ryan Memorial Symposium of the American Society of Lubrica- 
tion Engineers in Chicago, Ill., October, 1953. In this case, 
an initial rise in electrical contact resistance for unlubricated 
contacts was associated with low wear and with formation of a 
dark, burnished film on both wiper and contact surfaces, Con- 
tinued operation caused a rapid increase in the wear rate to a 
constant value. The dark oxide film disappeared, the contact 
surfaces became rough, and metallic wear debris was thrown off. 
Similar behavior has been recently observed by the writer for 
nickel brass sliding on nickel brass in clean, dry air. No ambient 
temperature increase took place in either of these studies and 
it was found possible to eliminate the initial contact resistance 
rise and associated wear-rate drop by rigorous cleaning of the 
surfaces, and to cause it to take place by deliberate contamina- 
tion with a very thin film of lubricant (<10~* em thick). 

Presumably the film of organic lubricant adsorbs on or reacts 
with the oxide film as it forms and, by reducing the number 
of points of metallic contact, reduces K in the Archard equation. 


. That is, it reduces the probability that a particle will be removed 


on breaking a weld. With continuous operation the organic and 
built-up oxide films are worn off, and larger welded metal areas 


3 Consulting Chemist, Cleveland, Ohio. Mem. ASME. 
‘ Bell Telephone System. 
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are made and broken until the equilibrium corresponding to 
operation of uncontaminated surfaces in air is reached. 

It is suggested that the effects observed by the author can be 
explained on the same basis. The reduction in wear is caused by 
adsorption of organic vapors from the surroundings during the rest 
period. The effect of increasing the ambient temperature is to 
shift the adsorption-desorption equilibrium in a direction to ac- 
celerate approach to the high wear condition. 


M. B. Peterson’ 


The author has presented some very interesting results using a 
relatively new technique in wear studies, that is, an intensive 
study of the sliding characteristics of a particular combination of 
materials. He has used this new technique to explore the effects 
of sliding geometry on wear. This is an area where information is 
particularly needed not only for engineering purposes but also to 
enable us to better understand the results of research. 

In this paper the author has noted some interesting phenomena. 
One such effect is the low wear rate resulting when the sliding test 
is interrupted for a certain length of time; the author attributes 
this to the formation of the oxide film. One wonders if this might 
not be the result of contamination from the air. Were any steps 
taken to prevent this? If the friction were measured during the 
tests it might indicate the possibility of contamination. Was this 
done? 

When the tests were rerun after this period of standing the wear 
rate was low until the increase in sliding temperature caused dis- 
ruption of the oxide film. How does this increase in temperature 
cause a disruption of the oxide film? Does the author feel that 
this is due to some mechanical effect or a chemical change in the 
nature of the oxide? 


E. Rabinowicz° 
The writer wishes to congratulate the author on his careful and 
* General Electric Company, Schenectady, N. Y. 


* Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. 
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thorough study of the wear process. [specially noteworthy is his 
successful solution of the problems arising from the fact that the 
initial surface temperature and the equilibrium temperature dur- 
ing sliding are not the same. 

I have one question in this regard, however. The author sug- 
gests that the rise in temperature from 75 to 120 F is directly re- 
sponsible for the rise in the wear rate. 
rather that desorption of water vapor as the temperature rises 
changes the nature of the surface films and that this, rather than 
the very moderate temperature rise itself, leads to the difference 
in the wear pattern. 


’ 
Author's Closure 
The author wishes to express his appreciation to Messrs. 
Campbell, Peterson, and Rabinowicz for their interest in this 
paper. 


Our own work suggests 


Dr. Campbell's observation on the effect of rest periods during 
sliding experiments is interesting. The author agrees that the 
adsorption of organic vapors from the surroundings could well 
be a factor that contributes to the low wear rates after resump- 
tion of the test. This is also the point Mr. Peterson brings out 
since no particular steps were taken to prevent contamination 
from the air. 

However, such an occurrence would imply a high contact 
resistance as soon as the test is resumed, while the observation 
has been (see page 60) that the contact resistance at first is equal 
to that measured at the end of the preceding day, and then 
rapidly rises to values characteristic of a practically open circuit. 

Dr. Rabinowiez wonders if the desorption of water vapor is 
the real cause of the change in wear rate when the temperature 
goes up. This indeed is a valid possibility and, since the effect 
of temperature on desorption is considered doubly exponential, 
would explain the drastic change in wear rate within a narrow 
temperature range. Also, in reply to Mr. Peterson on this sub- 
ject, the author does not favor any specific mechanism for the 
breakdown of the oxide film. Therefore, Dr 
suggestion is particularly weleome. 


Rabinowiez’ 
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in a ring tester. 


Sliding Wear and Metal Transfer 
Under Unlubricated Conditions 


To provide further information on dry sliding wear and the accompanying metal trans- 
fer, wear experiments of radioactive brass rings against hardened steel have been conducted 
The effect on metal transfer of sliding speed, surface finish, material 


of the harder surface, and the presence of slots in the steel ring have been investigated. 
Tests have also been corducted in argon atmospheres to exclude oxidation. 
Wear of brass on brass has been investigated by using radioactive rings against inactive 


rings. 


Results indicate a complex wear mechanism in which transfer, back transfer, 


and removal of transferred material are intermediate steps, and in which the determining 
step in wear rate is governed by the geometry of the rings rather than the apparent area 


of contact. 


I. A previous investigation [6],' wear behavior 
under simple sliding conditions was studied on two types of wear 
tester, a Burwell apparatus and a ring machine. It was found 
that, for both sliding arrangements, the simple wear theory of 
Archard was obeyed, except for the wear of similar metals on the 
ring tester when rings of unlike geometries were used. The 
simple wear theory may be expressed by the relationship W = 
ks = in which W is the wear, s the sliding distance, L the load, 
Pm 

Pm the flow pressure of the softer material, and k the coefficient 
of wear. This expression merely says that wear is proportional 
to load and sliding distance, but does not reveal the details of the 
mechanics by which a loose wear particle is formed. 
hidden in the probability factor k. 

In 1955 Kerridge [3], and later Kerridge and Lancaster [4], 
of the Associated Electrical Industries Research Laboratories in 
Aldermaston, were able to unmask some of these details by using 
radiotracer techniques in the study of wear on a pin-cylinder 
machine. These experiments have made an impact as they 
showed that wear, for the particular cases studied, was a two-step 
process—the first step in transfer of the softer component onto 
the harder, and the second step, the removal of the transferred 
layer from the system in the form of loose wear debris. 
experiments, there was no detectable back transfer. 

The question may arise whether or not this two-step wear 
mechanism applies when a different sliding geometry is involved 
and, even more generally, whether or not this mechanism is the 
universal mechanism for sliding wear. 


These are 


In these 


These questions will be 
discussed in the light of some experimenta! work carried out on a 
ring wear tester and a Burwell machine. 


Procedure—Brass on Steel 


To check the validity of the Kerridge two-step wear mechanism 
for the ring apparatus, rings of cold-rolled brass (61.5 per cent 
copper, 35.25 per cent zine, 3.25 per cent lead) with four slots in 

! Numbers in brackets designate References at end of paper. 

Contributed by the Lubrication Division of THe AMERICAN So- 
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ASME Lubrication Conference, Los Angeles, Calif., Oct. 13-15, 
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the wear face (Fig. 1) were run against fully hardened steel rings 


(Rockwell C 64) of SAE 52100. The rings were irradiated at 
Oak Ridge. After the hard but short-lived copper radiation had 
decayed, all activity came from the zinc 65. Wear experiments 
were then carried out by running the brass on steel, and measur- 
ing, at certain increments of sliding distance or time, the wear 
and transfer of the brass ring. The wear was determined by 
weighing on an analytical balance, while the transfer of brass 
to the steel ring was measured by counting the activity of the 
zine 65 isotope on the ring. For this purpose a well-type, plastic 
scintillation counter was used in conjunction with a pulse amplifier 
and scaler. 

Fig. 2 gives the results of a test of radioactive brass wearing 
against steel at 50 rpm under a load of 500 grams. It can be seen 
that the transfer of brass on steel reached a limiting value after 
At this point the steel 
ring was completely covered by a coating of brass 
graph, see Fig. 3(a), shows a fairly 
tributed layer. 
micromillimeters, 


which no more brass was accumulated. 
An autoradio- 
homogeneous, evenly dis- 
Its average thickness is approximately 300 

Parallel with this experiment, a duplicate test was run, all ex- 
ternal conditions being the same, except that an inert brass ring 
rather than a radioactive brass ring was used. The experiments 
were then interrupted and the two brass rings exchanged, after 
which both tests were resumed, in the same manner as originally 
done by Kerridge working with pins. It can be seen in Fig. 2 
that, after this exchange, the activity of the transferred radioue- 
tive brass layer fell off quite rapidly, while the activity of the 
transferred inert brass layer went up steeply and leveled off to 
the limiting equilibrium value encountered previously. 

The rate of transfer can be approximately established from the 
initial slope of these transfer curves, that is, at the point where the 
rings were exchanged. This determination is a graphical one 
and the numerical value ought to be considered with some re- 
serve. Nevertheless, it appeared that these rates of transfer were 
of the same order of magnitude and equal to the over-all rate of 
wear. 

It was this equality which led Kerridge to conclude that, in the 
absence of back transfer, there was no direct wear; in other 
words, there was no formation of loose wear particles except 
through the indirect process of transfer. 

In our experiments the actual course of events might be con- 
siderably more complicated, since activity measurements on the 
inert ring definitely showed, in contrast with Kerridge’s findings, 
that back transfer did take place. This can be seen in greater de- 
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Fig. 3 Autoradiographs of transferred brass 


tail in Figs. 4 and 5, which present wear tests of radioactive brass 
on steel at 700 and 900 grams, and 50 rpm. It is shown here that, 
immediately after the ring exchange, the activity of the inert 
ring was increased and that, after an initially steep ascent, a small 
but slowly decreasing amount of radioactive brass remained be- 
tween the two mating surfaces. 

The role which back transfer plays in wear may be seen from 
the following: Since the gravimetrically measured wear rate of 
the brass ring is the net result of what is removed by transfer and 
direct wear and what is returned by back transfer, we may write 


Ves + Vaw Vie (1) 


In this equation V,, is the steady-state wear rate of the brass 
ring, V, is the equilibrium rate of transfer, V4, is the equilibrium 
rate of direct wear, and V,, is the equilibrium rate of back trans- 
fer. 
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The experimental evidence now is that V,, = V,._ If there were 
no back transfer, that is V,, = 0, Equation (1) dictates also 
that Vy. = 0. This would mean that all wear takes place via 
transfer and there would be no wear products coming from the 
brass directly. This is exactly what Kerridge [3] found on a pin- 
cylinder machine. 

In the present investigation, we have observed a finite amount 
of back transfer. However, an autoradiograph, Fig. 3(c), taken 
at the end of 150 revolutions after the ring exchange, showed 
that most of the radioactive particles were located at the periphery 
of the ring and on the leading edges of the slots. From this it 
may be assumed that these wear products are actually removed 
from the system and would not take further part in the wear 
process. 

Thus it appears that only a fraction of the so-called back trans- 
fer partakes again in the sliding mechanism. If the rate of this 
back transfer is small compared to the transfer rate and the 
steady-state rate of wear appears by estimation equal to the 
transfer rate, wear will take place predominantly by a process 
of transfer and subsequent removal of the transferred layer. In 
that case, either the small amount of back transfer is counter- 
balanced by an equally small amount of direct wear, or the esti- 
mated equality means V, = V,, + Vy. In view of the limited 
accuracy of the graphical method to obtain V,, the latter possibil- 
ity is quite likely. 

A very rough idea of the rate of back transfer may be obtained 
from the back transfer curves of Figs. 4 and 5. As far as could 
be estimated, the rate of back transfer was approximately 5 to 10 
per cent of the rate of transfer. If a portion of this transfer re-* 
mained on the outside of the ring or on the slots without re-enter- 
ing the wear cycle, the actual rate of back transfer would be still 
less than the figure given. Thus it is felt that the rate of back 
transfer is indeed small compared to the rate of transfer, and it 
appears that the wear process operating during the sliding of these 
rings is largely transfer and removal of the transferred layer to 
form loose wear debris. If there were direct wear, it had to be 
very small. 

The removal of a layer of transferred material is an important 
step in the over-all process of wear. This is well illustrated by a 
simple experiment on the Burwell tester. A brass specimen, in 
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Fig. 5 Transfer and back transfer after ring exchange: brass on steel— 
900 grams load 


the form of a cone, was pressed under a 270-gram load on a 
hardened steel plate, revolving at 246 rpm. The circular track 
had «a diameter of 47 mm, and thus the sliding speed was 60 cm 
per sec. After a few revolutions, the track was entirely covered 
by a layer of brass from the cone. Fig. 6 gives the wear-versus- 
distance relationship, which is again linear and yields a constant 
wear rate of 3.9 X 10-8 em*/em. 

Diagonally across from the brass cone, a cylindrical specimen of 
drill rod was installed directly over the wear track. Previous in- 
vestigations had shown that the wear rate of the drill rod is 
negligible compared to the wear rate of brass. After a sliding 
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Fig. 6 Wear-distance relationship—brass cone and drill rod on steel— 
Burwell machine 
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Fig. 7 Wear and metal transfer of brass on hard surfaces 
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time of 25 minutes, the drill rod above the track was released, 
lowered onto the plate, and permitted to follow the brass speci- 
men along the same track under a prefixed load, also of 270 grams. 

While no wear of the drill rod could be measured, the wear on 
the brass cone was instantly increased, and a constant value of 
6.6 X 10~* cm*/em was now measured. Thus, the rate of re- 
moval of the transferred brass on the wear track was increased 
as soon as the dummy specimen of drill rod was allowed to rub on 
the plate. In terms of the statistical theory which Rightmire [5] 
has proposed quantitatively to describe the experiments by 
Kerridge [3], one might say that the number of rubs per revolution 
to which the transferred brass is exposed was doubled as soon as 
the drill rod was lowered. 

Thus the rate of removal was increased twofold. Apparently 
the transfer was increased correspondingly to keep pace with the 
rate of removal. In other words, the rate of removal is the de- 
termining step in wear. 

Aside from these experiments, a few general aspects of metal 
transfer and wear were investigated. 

Material of Hard Ring. To find out if the material of the ring 
against which the brass was worn had any effect on the equilib- 
rium mass of the transferred layer, wear experiments were car- 
ried out on the ring tester using rings of Duriron,? austenitic 
stainless steel Type 316, and ordinary mild steel coated with a 
chemically deposited layer of nickel phosphide. The surface 
finish of these rings was the same, namely 12-15 microin. rms 
while the hardness numbers on the Knoop scale (300-gram load) 


2 Duriron is the trade name given to a very hard, corrosion-resistant 
cast iron of 14.5 per cent silicon, 0.35 per cent manganese, 0.85 per 
cent carbon, balance iron. 
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measured 700, 350, and 480 for Duriron, stainless steel, and phos- 
phide-coated mild steel, respectively. The load was 500 grams, 
and the sliding speed 6.7 cm per see (50 rpm). 

The results of these tests are plotted in Fig. 7. It can be seen 
that both the wear rate and the limiting amount of transferred 
brass are approximately equal for the runs on Duriron and the 
phosphide-plated mild steel. When compared with brass sliding 
on stainless steel, however, both figures are considerably lower. 

Surface Finish. The effect of surface finish was investigated by 
comparing the wear and metal transfer of brass on two fully 
hardened steel rings of SAE 52100 (Rockwell C 64), prepared and 
lapped to surface finishes of 10 to 15 microin. rms, and better than 
1 microin. rms, respectively. Figs. 8(a and 6) give the results of 
tests at different loads and sliding speeds. It can be seen that 
there‘is considerably more transfer on the better surface finish 
while the rate of wear is also slightly higher. 

Sliding Speed. The influence of sliding speed on the amount of 
equilibrium transfer was investigated in two series of tests of 
radioactive brass on steel. One series was carried out under a 
load of 500 grams and run at speeds of 50 and 215 rpm; the other 
was rtin under a 900-gram load at speeds of 50 and 415 rpm. The 
surface finish of the steel ring was 12 to 15 microinches rms. The 
results, plotted in Figs. 9 and 10, show that the lower wear rate 
peculiar to the higher sliding speed was also accompanied by a 
smaller amount of brass accumulated on the steel ring. 

Wear and Transfer in Argon. To study the effect of a nonoxidiz- 
ing atmosphere on metal transfer and wear, tests of radioactive 
brass rings on steel were carried out in pure argon gas. Fig. 11 
compares these results with a test in air of 20 per cent humidity 
under otherwise similar conditions of temperature, load, and slid- 
ing speed. It can be seen that the rate of wear in argon is very 
low compared to that in air; however, the brass layer accumulated 
on the steel in argon is much heavier than the one accumulated in 
air. Also, the brass transferred in argon appears to be ‘“‘plated”’ 
on the steel in much more erratic fashion, and whole parts of it 
are frequently peeled and rubbed off during the test. 

Cutting Action by Slot Edges. = [ni & previous investigation [6], a 
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careful study was made of the wear of brass rings that had been 
provided with varying numbers of narrow, radial slots to enhance 
the escape of loose wear debris. The slotted brass rings were run 
against steel rings without slots. It was concluded that the rate 
of wear was independent of the number of slots. 

In the present investigation, we have also conducted wear tests 
of brass rings against steel but with the slots reversed, i.e., four 
slots in the steel ring, no slots in the brass ring. It was found 
that, under a 500-gram load and at a speed of 50 rpm, the wear 
rate was nearly twice as high as measured on a brass ring with 
four slots sliding on steel with no slots. This follows from the 
test results plotted in Fig. 12. The average wear rate of the 
brass is 15.2 wg per rev (15.2 & 10°* mg) compared with 7.5 
wg per rev (7.5 & 107% mg) with the slots reversed (Fig. 11). 
The amount of brass transferred upon the steel rings is approxi- 
mately the same in both cases. 

In a qualitative sense, the same picture was obtained when the 
experiment was conducted in an atmosphere of argon. This is 
also shown in Fig. 12. Compared with the wear test in argon of 
a brass ring with four slots sliding on steel (Fig. 11), the wqar rate 
is more than twice as high. Compared with the same experiment 
in air, Wear was again less while transfer was considerably greater 

The foremost question that emerges from these experiments is 
why a brass ring wears so much faster when the surface of the steel] 
ring is provided with slots. It is conceivable thet the steel edges 
of these slots scrape away on the brass and machine off some ma- 
terial directly, in the manner of a cutting tool. If this happens 
the rate of transfer would not be equal to the rate of wear 
However, it is doubtful if the rate of transfer could be determined 
with sufficient accuracy to decide this argument in a conclusive 
way. 

Even if the process of replacing an inert layer by a radioactive 
layer, or vice versa, is carried out in increments of 10 or 25 revo- 
lutions, the method of graphically determining the initial transfer 
rate from the slope remains approximate (Figs. 13 and 14). But 
if the edges act as small cutting tools, one would expect a built-up 
edge directly below the steel slots, and this had not been observed 
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Fig. 10 Effect of sliding speed on wear and metal transfer—SAE 52100 
on brass—900 grams load 


For these reasons, therefore, the author is inclined to believe that 
the higher wear rate cannot be accounted for by cutting but is, 
instead, the result of an increase in the rate of transfer and subse- 
quent removal of brass which is caused by the different sliding 
geometry. 

This viewpoint is strengthened by the fact that the wear of a 
brass ring sliding against a slotted steel ring is independent of the 
number of slots (Fig. 12). Although the number of potential 
cutting edges with two slots was only half of what it was with 
four slots, there seemed to be no significant change in the ob- 
served wear rate of the brass. 


It has already been reported that reproducible deviations from 
expected behavior were found when brass sliding on brass was 
studied in a ring apparatus with rings of unlike geometry [6]. 
It was found that rings with four slots wear only half as much as 
the mating rings without slots. 

To investigate this effect further, a few basic experiments were 
carried out on the Burwell wear apparatus and on the ring 
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machine. Conical wear specimens of brass (semiapex 45 deg) 
were run at various loads on the Burwell device against a flat 
wear plate of brass of approximately the same composition and 
hardness as the conical rider. Sliding speed was 30 cm per sec. 
The results of these wear tests, plotted in Fig. 15, indicate normal 
behavior. The curves are linear, 
that wear is independent of the apparent area of contact. 
the wear-versus-load relationship appears quite normal. 

Comparable experiments on the ring machine were carried 
out with brass rings of standard dimensions, 1'/, in. OD and 7/5 
in. ID, and also rings of 1'/ig in. OD and %/,;gin. ID. Thus the 
apparent contact area of the latter rings was only half that of the 
rings of standard dimensions. Voad and sliding speed were 700 
grams and 30 cm per sec (225 rpm), respectively, in both tests. 
Despite the difference in apparent area of contact, the rates of 
wear were exactly the same. Here, again, the wear picture is in 
agreement with expected behavior in terms of the rules of wear. 
On this basis, it is felt that the difference in wear between slotted 
and nonslotted rings when run together is caused by the unlike 
geometries of the wear faces. 

In addition to the evidence reported earlier by the author [6], 
the difference in wear rates of slotted and nonslotted rings was 
further investigated in a series of wear tests using radioactive 
brass rings. This made it possible to determine, concurrently 
with wear, the amount of radioactive brass transferred to the 
inert rings. From these tests it was clear that not only does the 
brass with the slots wear less than the brass without the slots, 
but it was also found that the transferred quantity depends on 
whether or not the inert ring is slotted. 
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Table 1 Experimental wear rates of brass, 500-gram load, 50 rpm 


Wear, ug ‘rev 
Material Air Argon 
Brass on 1.2 
steel 
Brass on 
steel 
Brass on 
brass 
Brass on 
brass 
Brass on 
brass 
Al bronze on 
Al bronze 


Transactions of the ASME 


500 gm | 50 r.p.m. 
| 
% 4 
wtar Y 
| 
«80 - = |_| 
5 
} 
i Brass on Brass 


| | 


18 20x1000 


| 


| 


] 


500 gm., 50 r.p.m. 


4 SLOTS in STEEL A’ 


SLOTS im STEEL 


| 
8 


Journal of Basic Engineering 


0 2 4 6 8 10 = 


SLIDING DISTANCE, rev. 


Fig. 11 Wear and transfer of radioactive brass (4 slots) on steel (no slots) in air, in argon 
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Fig.12 Wear and transfer of radioactive brass (no slots) on steel! (4 slots) in air, in argon 
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Fig. 13 Declining activity on steel ring (4 slots) against inert brass (no 
slots) in argon 
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Fig. 14 Declining activity on brass ring (4 slots) against inert brass (no 
slots) in air 


Fig. 16 shows wear and transfer for a radioactive brass ring 
with four slots running against an inactive brass ring without 
slots; Fig. 17 shows the same for a radioactive ring without slots 
running against an inactive brass ring with four slots. The 
amounts of transferred radioactive brass are 0.07 and 0.70 mg, 
respectively 

When two slotted rings, one radioactive, were run together 
under the same conditions of load and speed, the amount trans- 
ferred was between these values, namely about 0.20 mg (Fig. 18), 
while the wear was also intermediate. These wear rates are listed 
in Table 1. In fact, the combined total wear of the two rings is 
approximately the same in all these tests but is distributed dif- 
ferently over the individual wear specimens. In argon, both 
brass rings wear less than in air (Fig. 19), and the amount of 
transfer appears larger. 


Fig. 15 Wear of brass against brass— 
Burwell machine 


The distribution of transferred brass on the mating surface is 
shown in the autoradiograph of Fig. 3(6). This view shows that, 
in contrast to the transferred brass layer on steel, Fig. 3(a), the 
transferred particles do not form a continuous smeared-out film 
across the entire apparent area of contact, but they are dis- 
tributed instead as discrete particles on the opposite wear sur- 
face. 

The occurrence of back transfer was investigated by replacing 
an active ring with an inert one after a prolonged period of wear. 
This was carried out for several combinations of brass rings. 
Figs. 16(a) and 17(a) show that back transfer does, indeed, occur. 
Also, these graphs illustrate that the radioactive particles remain 
between the surfaces for much longer than would be dictated by 
the absolute wear rates of both rings. This again suggests that 
some of the back transfer might be caught in the slots or on the 
cylindrical surfaces, thus contributing to the radioactive count 
but no longer partaking in the sliding process. : 

Finally, wear tests were carried out on brass rings with four 
slots, two, and one, against a brass ring without slots. This was 
done under a load of 700 grams and a sliding speed of 6.7 em per 
sec (50 rpm). The results, given in Fig. 20, show that the dif- 
ference between the wear of slotted and nonslotted rings is more 
pronounced the more their geometries differ. The total or com- 
bined wear of the two rings, however, apparently remains con- 
stant. This entire test series was repeated and excellent repro- 
ducibility of results was established. 


Wear Mechanism of Brass Sliding on Steel. The experimental re- 
sults have shown that the wear process takes place predominantly 
by transfer and subsequent removal of the transferred layer. It 
is interesting, however, to see to what extent the detection of 
back transfer might alter the wear picture. It might be restated 
that, in contrast to Kerridge’s work on a pin-cylinder machine, 
we have found back transfer in all instances. In this respect, our 
results are in agreement with Flom [2], who conducted radio- 
active sliding experiments on what is essentially a pin-cylinder 
machine. He also reported back transfer. 

The implications of back transfer are far-reaching. With V,, 
~ 0, Equation (1) is completely indeterminate. In the extreme 
case, the rate of back transfer could even equal the rate of 
transfer, V,, = V,, so it follows that V,, = Vg.. Thus the brass 
would go to and from the steel ring in an endless cycle while all 
loose wear would come directly from the brass ring. This 
mechanism would be just the opposite of that described by Ker- 
ridge. 

Actually, this extreme case could hardly take place, for the 
incessant transfer of the same brass would so severely work and 
break up the transferred blobs that oxidation of the freshly formed 


surfaces would soon interfere and create an oxide, But, theo- 
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Fig. 20 Wear of various combinations of slotted and nonslotted brass rings 
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retically, to disprove this mechanism would require further in- 
formation on the individual terms of Equation (1). 

In this investigation, from the distribution of the back transfer 
as revealed by autoradiographic work and from the estimate of 
the rate of back transfer in Figs. 4 and 5, it follows that Vi,.< V,. 
This infers that practically all material transferred to the steel 
was subsequently removed as loose wear products. What hap- 
pened to the small amount that did go back to the brass is uncer- 
tain. It might have been rubbed off at once, or it might also 
have gone back to the steel ring. In the latter case, an equally 
small amount of direct wear would be necessary to keep Equation 
(1) in balance. 

In our experiments, no firm conclusion about direct wear was 
possible, except that, if there were any, it must have been very 
small. At best it could have been of the same order of magnitude 
as the back transfer. Examination of the wear particles pro- 
duced during the first few revolutions immediately after the ex- 
change of an inert for an active brass ring could not be conclusive. 
This again {is in contrast to the results of Kerridge [3]. He was 
able to show that these first particles were inactive and originated 
from the inactive layer of brass on the steel surface. 

Examination of wear debris collected during the first ten revo- 
lutions of our wear tester after the ring exchange invariably 
showed radioactivity. In border cases when the count was in- 
conclusive, autoradiographs of the debris showed unequivocally 
that there were active particles. However, these particles could 
have Leen rubbed-off back transfer, rather than directly worn-off 
brass particles. The only certain thing that can be said is the 
following: If direct wear occurred, the amount was so insignificant 
that wear must have been primarily by transfer and subsequent 
removal of the transferred layer. 

The important conclusion is that the wear process on the ring 
machine is, for all practical purposes, the same as on Kerridge’s 
pin-cylinder machine. This points to a universal mechanism of 
wear whenever a soft material rubs against a hard one. The 
geometry of the ring tester is such that back transfer is nearly 
unavoidable inasmuch as the wear particles are caught between 
the annular wear surfaces; yet it turned out that the rate of back 
transfer was negligibly small. 

Effect of Slots. In the light of the wear mechanism mentioned 
above, the effect of slots now becomes more apparent. If wear is 
a two-step process of (1) transfer, and (2) removal of the trans- 
ferred layer, it is clear that much depends on the method of exe- 
cuting the second step. This step governs the rate of wear. 

A prime example of the importance of this step is afforded by 
the experimental work presented in Figs. 11 and 12. Here it was 
shown that the wear rate depended entirely on which ring, the 
brass or the steel, was provided with slots. The important point 
which emerges from this is that the wear rate is independent of 
the apparent area of contact as long as the geometry is not 
drastically changed. If the geometry is changed so as to affect 
the rate of removal of the transferred material, wear may be ex- 
pected to increase or decrease according!y. 

Effect of Other Variables. The results of the wear experiments 
conducted at various sliding speeds have shown that, at least for 
brass sliding on steel, lower speeds induce not only a higher rate 
of wear but also a larger equilibrium amount of transferred brass 
(Figs. 9 and 10). 

That wear increases with lower sliding speed is not new. This 
has often been explained by suggesting that the formation of 
metallic junctions across the interface is a time-dependent process, 
and at high sliding speeds, there would not be sufficient junction 
growth, If this is true, one would also expect that the transfer 
of brass onto the steel surface would be less at higher sliding 
speeds. 

Another tentative explanation is that, at greater sliding veloci- 
ties, the transferred material will be exposed to higher tempera- 
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tures. Thus a protective oxide film could be formed that would 
resist metal transfer and wear. 

That the topography of the substrate for the transferred ma- 
terial affects the equilibrium amount is not unexpected. The ex- 
periments seem to bear out that a steel surface, lapped and super- 
finished to less than 1 microin. rms, will more readily take on 
brass than a steel surface prepared on emery paper to a finish of 
10 to 15 microin. rms. In a qualitative sense, this seems to agree 
with the observation that friction between superfinished surfaces 
is higher than for ground or abraded surfaces. 

No satisfactory explanation of the effect of material can be 
given at this time. It is possible that hardness is a determining 
factor, but this is speculation. Fig. 7 indicates that the stain- 
less steel ring accumulates not only half as much brass as the 
Duriron and phosphided mild steel but also wears somewhat less. 

One general observation may be made from the experiments 
with variable sliding speed, surface finish, and different materials 
used against brass. This is that higher rates of wear are always 
accompanied by a larger equilibrium amount of transferred ma- 
terial. For wear tests conducted in argon atmospheres, this is 
reversed. The sliding experiments of brass on steel and of brass 
on brass have shown without exception that in argon: 

a The rate of wear is considerably less than in air. 

b The total amount of transferred brass is considerably higher 
than in air. 

These observations bear out two important points. One is 
that, in the absence of oxygen, metallic adhesion is large, and 
“galling” is much more pronounced. The second point is that 
wear is reduced. This clearly indicates that materials having 
strong galling tendencies do not have to wear fast. The surface 
damage might be large and often intolerable, but wear in the 
form of material removal from the system might be quite small. 

Apparently, in argon, a dense and physically strong layer of 
transferred brass is built up on the steel surface. Its mechanical 
strength and tight adherence to the steel substrate prevent it 
from being removed readily. 

Compared with this, a brass layer formed during a wear ex- 
periment in air is physically weak. It is, conceivably, built up 
of blobs of metal interlaced with slightly oxidized surfaces. Its 
physical appearance under the microscope is similar to a great 
number of scales, and its cohesion is limited. Rubbing will 
easily break off small particles and remove these from the system. 
Thus oxygen is detrimental to the structure and adherence of the 
transferred layer. However, if oxidation becomes so severe that 
the transferred layer becomes oxidized, protective action by the 
reduction of metal-to-metal contact comes into play. Wear will 
now stop too, but for entirely different reasons. 

Brass Sliding on Brass. Perhaps the most interesting data are 
those obtained from sliding experiments of brass on brass. A 
prime example of this is the result, presented in Figs. 16 and 
17, that two rings of brass do not wear by equal amounts if one 
ring has slots in the wear face and the other ring has none. Also, 
the equilibrium amount of transferred brass on the slow-wearing 
ring is considerably larger than that on the fast-wearing ring. 
Yet, in experiments on the Burwell machine, the brass-on-brass 
wear was found to obey the two basic rules of wear, and a 
perfect wear-versus-load relationship was obtained. 

Therefore, it seems certain that the geometry of the apparent 
area of contact has a significant effect on the wear behavior of the 
rings. This was already convincingly illustrated by the dif- 
ferent wear rates of brass rings on steel rings, depending on 
which of the two had been provided with slots. In fact, Closer 
examination brings out the following similarity: A continuous 
brass ring on slotted steel wears about twice as fast as a 
slotted brass ring on a continuous steel; while a continuous brass 
ring on a slotted brass ring also wears approximately twice as fast 
as slotted brass on continuous brass. 
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If this analogy is to be maintained, one might expect that the 
actual wear mechanism of brass against brass is similar to that of 
brass against steel. This mechanism, as we have seen, is pre- 
dominantly a two-step process of transfer and subsequent re- 
moval of the transferred material. If this is the case, the ques- 
tion arises as to why the total wear of the rings combined is con- 
stant. One possible explanation is that the total amount of 
transfer must be constant inasmuch as this amount is directly re- 
lated to the actual area of contact, which is constant for a certain 
load L and flow pressure pm. 

If two like brass rings, A and B, are run together, the probabil- 
ity is that 50 per cent of the friction contacts break on the A side 
and 50 per cent on the B side of the interface. Thus the transfer 
from A to B and from B to A is the same, and, upon subsequent 
removal, the wear of both rings will be equal. However, if, for 
some reason, more metallic junctions break on the A side than on 
the B side, the transfer to B will be larger than the transfer to A, 
but the total amount of transfer is the same. 

This mechanism might well take place during the wear experi- 
ments on brass rings with four slots, two, and one, run against a 
brass ring without slots, as shown in Fig. 20. The more unlike 
the geometries of the mating rings become, the larger is the dif- 
ference in wear rate of the two rings. Yet, the total wear should 
remain the same. Indeed, from the experimental data in Fig. 
20(a), it can be seen that the combined wear is 14.8 X 1073 mg 
per rev (3.5 X 1078 for ring A, 11.3 X 1078 for ring B); in Fig. 
20(b), it is 14.5 & 10~* mg per rev (4.5 X 10~# for ring A, 10.0 « 
10~* for ring B); and in Fig. 20(c), 15.0 K 10~* mg per rev (6.3 X 
10~* for ring A, 8.7 X 10~3 for ring B). 

Why, for unlike geometries, the transfer in one direction would 
increase at the expense of transfer in the opposite direction re- 
mains open for speculation. However, since the rate of removal is 
the step that determines wear, it is felt that removal of the trans- 
ferred material is directly affected by geometry. It is to be 
noted that the actual area of contact is constant and independent 
of the apparent area of contact, but the transferred material is 
distributed over the apparent surface areas that take part in slid- 
ing during one revolution. For unlike rings, these surface areas 
differ in size. Thus a factor of asymmetry is introduced that will 
shift the rate of removal during subsequent rubbing. 

Admittedly, in this discussion, the picture of metallic wear 
has been simplified considerably by ignoring the effect of back 
transfer. It is felt that this was justified, since back transfer 
seemed to play a secondary role in the over-all process. For 
the wear of brass against brass, this is an assumption which de- 
serves more experimental work. The magnitude of the rate of 
back transfer and also the possible event of direct wear (by cut- 
ting action) could not be examined adquately with the experi- 
mental technique used in this investigation. 


Summary and Conclusions 


The essence of the investigation may be summarized by the 
following points: 


a The wear of brass on steel in a ring tester is primarily a 
process of transfer and subsequent removal of the transferred 
brass to form loose wear debris. Back transfer takes place simul- 
taneously. However, its magnitude compared to transfer is very 
small, and the role which it plays in the over-all wear mechanism 
is of minor importance. A small amount of direct wear from the 
brass ring is possible without violating the experimental data, but 
its occurrence can be neither proved nor disproved with the ex- 
perimental techniques used. 

6 Higher sliding speeds are accompanied by less wear and 
with a smaller equilibrium amount of transfer. Also, better sur- 
face finishes on the steel rings increase the equilibrium amount of 
brass transferred. 
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c In argon the rates of wear are smaller than in air for all 
combinations of brass sliding on steel and brass sliding on brass. 
At the same time, the amount of transfer is larger in argon, This 
shows that galling of metals is not necessarily equivalent to wear. 

d For brass against brass, relatively simple sliding arrange- 
ments obey the simple wear theory [1]. For instance, on the 
Burwell tester, the two basic rules of wear are closely followed. 
However, if one ring is provided with slots, deviations from 
simple behavior become manifest at once. The discrepancies be- 
tween the wear of the two rings increase as the geometries of the 
mating surfaces become more unlike. Yet, the total or combined 
wear remains constant. 

e It is concluded that the simple wear theory applies only so 
long as changing the geometry of the apparent area of contact 
does not affect the mode of removal of the transferred material. 
If this happens, the & factor (coefficient of wear) will change 
drastically, and predictions of wear will become exceedingly dif- 
ficult. Thus it appears that the next advance in the study of 
wear must be made by a fuller understanding of the effect of 
geometry on the removal of transferred material. 
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DISCUSSION 
M. B. Peterson® 


In this work the author has reported further progress in his 
investigations of dry wear. In this work he has employed tech- 
niques to study the process of wear. 

In the first series of experiments a technique was used by the 
author of substituting an inert ring for a radioactive one after an 
equilibrium layer had been built up on the other sliding specimen. 
Even though the rate of wear remains the same on either speci- 
men is it not possible that the rate of removal of the transferred 
layer may change due to the nonconformity of substitute ring 
and the transferred layer? This same question would also apply 
to the experiments with the combination steel and brass runs over 
a single track. 

The runs with the brass showing the effect of geometry are 
particularly interesting and may explain many of the discrepan- 
cies in the results of wear investigations. The fact that the wear 
is less might be explained by the fact that the increased transfer 
compensates for the loss of material. Why this transferred ma- 
terial is built up and not removed is difficult to explain unless one 
understands better the formation and breaking of the individual 
welds and the process of the removal of the transferred film. 


3 General Electric Company, Schenectady, N. Y. 
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However, the data seem to indicate that process is one which 
takes place on a microscopic scale or over a long interval of time. 
If not it is hard to visualize how such a small change in geometry 
can so markedly change wear behavior. 


E. Rabinowicz' 


This important paper adds greatly to the amount of published 
quantitative data on wear and transfer. I would like, in the 
space available, to discuss just three of the many points of in- 
terest raised in it. 

Firstly, the author observes that, when sliding brass on stain- 
less steel, the final equilibrium distribution of brass consists of a 
more or less uniform coating with average thickness 3 & 10~* cm. 
Assuming that each brass fragment is 10~* cm in diameter, we 
may calculate that 3 per cent of the total surface area is covered 
by brass particles. Other values calculated from the author’s 
data, namely 5 per cent for Duriron and 7 per cent for phosphided 
steel surface, also fit into the same pattern. These data agree 
well with the '/, to 7 per cent coverage I have observed in my 
own work under similar conditions.® 

Interesting also are the author’s observations of brass on steel in 
an argon atmosphere (Fig. 11). The violent and apparently ran- 
dom fluctuation in the total amount of brass on the steel surface 
is just what we might have expected for the case where the trans- 
fer fragments adhere strongly to the substrate. In this case, the 
interface between the sliding surfaces moves according to random 
walk theory, increasing and decreasing the brass coverage of the 
steel in the random manner.’ 

Of the most immediate interest, however, are the author’s un- 
expected findings that the presence of slots greatly affects the 
wear picture. I have been considering a number of possible 
mechanisms but am finally foreed to admit that we do not have 
enough data to come to a decision. Information would be help- 

Does the author have any 
data on the influence of slots in changing the size either of the 
wear particles or of the transferred fragments? 


ful on the size of the wear particles. 


Author's Closure 


The author wishes to thank Mr. Peterson and Dr. Rabinowiez 
for their comments on this paper. 

It is gratifying to know that Dr. Rabinowiez has found agree- 
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ment between the percentage of coverage calculated from these 
data and that derived from his own work. On the other hand, 
in reply to the major question of both discussers, we must con- 
clude that no ready answer is available at this time to explain 
the unequal wear of two brass rings rubbing together, one with 
and one without slots. 

Microscopic examination has shown that the wear particles 
are flat, relatively large oblong slivers and narrow platelets, five 
to eight times as long as they are wide. The over-all length is 
0.7-0.8 mm for particles from brass-against-steel wear and 0.2- 
0.4 mm for particles from brass-on-brass wear. If these are 
gently shaken off a piece of white paper, a background of very 
fine granular brass particles approximately 5 microns in diameter 
remains. The author is convinced that the large slivers are 
simply agglomerates of the small particles compacted and formed 
between the sliding surfaces and set free in the slots. They still 
show the longitudinal surface markings. Manipulated between 
tweezers, they behave like unsintered powder compacts with 
moderate green strength and break up when bent. 

In the case of brass on brass, the scoring of the surfaces is quite 
serious. The Talysurf profilometer has measured concentric 
grooves, up to 1 mil deep, that almost perfectly match the con- 
centric ridges on the mating ring surface. One wonders, there- 
fore, if the so-called ‘“‘sliding”’ of brass on brass is rather a “‘rolling”’ 
motion whereby the ring moves on a bed of fine granular wear 
debris that is held in the concentric grooves. Most interesting 
in this respect is our recent finding that the coefficient. of friction 
between brass rings (a 4-slotted against a nonslotted ring) is less 
than the coefficient of friction of brass on hardened steel (4-slotted 
brass on nons otted steel). 

Of late we have taken high-speed motion pictures (3000 frames 
per second) through a peephole drilled in the stationary ring so 
as to view what actually happens at the edge of a slot. We 
noticed that the edge of a slot acts like a “coweatcher,” piling 
up wear debris in front of the lead edge. Some of this debris will 
fall off the track laterally, but some of it does slip back between 
the surfaces. This is probably the reason that at times there is 
a finite separation between the two surfaces (at least within our 
photographie field of view). At no time did we see any cutting 
action by the edge of the slots like a eutting tool in a machining 
operation—not even when the slots were purposely beveled to 
approach cutting geometry. 

These observations, it is admitted, do not help to solve the 
impasse of the slots. They only serve to emphasize the great 
complexity of a superficially simple process. 
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V. N. BORSOFF 


On the Mechanism of Gear Lubrication 


The paper is a brief review of the research on fundamentals of gear lubrication per- 


formed at Shell Development Company for the Bureau of Aeronautics of the Department 


Shell Development Company, 
Emeryville, Calif. 


of the Navy. It is constructed along the following lines: Scoring and wear of gears 
are evaluated as functions of various operating variables, gear geometry and construction 


factors, and lubricants properties. This is followed by a brief discussion of the results 
of experiments performed with tagged extreme pressure lubricants showing distribution 


ang thickness of the extreme pressure films and the rates of their attrition. 
of these results, a mechanism of gear lubrication is postulated and discussed 


Introduction 


ins a few decades ago it became apparent that the 
lubricant plays a very important part in gear operation and 
should be incorporated as a gear design factor. Unfortunately, 
however, the mechanism of gear lubrication was little understood 
and there were no generally accepted theories and rules. This 
state of affairs prompted us to initiate research on the mechanism 
of gear lubrication. During 1953 to 1957 the work was carried 
out under the sponsorship of the Department of the Navy under 
the title, “Fundamentals of Gear Lubrication.’’ The high lights 
and conclusions drawn are the subject of this paper. A large 
number of data were secured, and necessarily, these data are 
presented here in a condensed form. For the complete data of 
this research program the reader is referred to the progress 
reports made to the Bureau of Aeronautics of the Department of 
the Navy during the afore-mentioned period. 


General Scheme of Research 


The first step was to study various types of gear failures and 
their causes. Six basic gear failures were recognized: Tooth 
breakage, pitting, abrasion, scoring, chemical corrosion, and 
plastic deformation. Abrasion and scoring were attributed to a 
direct failure of lubrication because the lubricating film, whose 
presence between rubbing surfaces constitutes good lubrication, 
must be broken (at least partially) to make these failures pos- 
sible. The study of gear lubrication, therefore, was primarily 
based on the evaluation of the load carrying capacity of gear oils. 
To enlarge our understanding of the mechanism by which lubri- 
cants carry the load, the effects on the load carrying capacity of 
oils of various gear geometry and construction factors, operating 
variables, and lubricant properties were investigated. Con- 
currently the wear characteristics of lubricants were studied by 
employing a tracer technique, and a number of tests were also 
performed with tagged extreme pressure agents which supplied 
valuable information on the thickness, distribution, and attrition 
of extreme pressure films. 


Test Equipment 
Several spur gear lubricant testing machines were constructed 


Contributed by the Lubrication Division of THe AMERICAN 
Society oF MecHANICAL ENGINEERS and presented at the ASLE 
ASME Lubrication Conference, Los Angeles, Calif., October 13-15, 
1958. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 11, 
1958. Paper No. 58—-LUB-4 
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for the evaluation of the load carrying capacities of oils. These 
machines are based on the closed-power circuit or four-square 
principle. The original was described in an earlier paper {1}! 
and here only a brief description of our high speed machine 
designed for operation up to 30,000 rpm will be given. This 
machine is shown in Fig. 1 and its sectional view is given in Fig. 2. 
The closed-power circuit consists of a train of seven, 17 and 19- 
tooth gears, of which the gears A and B are the test gears and are 
enclosed in a separate compartment. Gears FE and F are set on a 
cluster shaft which in turn is placed within a cage. The cage is 
set on large Timken roller bearings which have as their centers 
the axis for gears D, G, and A. Application of a tangential 
force to the cage is transmitted to the gears E and F and sets up a 
torque within the closed circuit. The applied force can be 
varied while the machine is in operation and is read directly on 
the seale. The machine is driven through a Gilmer timing belt 
by a 40-hp d-c motor. 

Involute spur gears were chosen as test gears because of the 
relative simplicity of their mathematics. All standard tests 
were made with pairs of 17 and 19-tooth gears of 6 diametral 
pitch, 20-deg pressure angle, and 0.25-in. face width. The 
material for these gears was SAE 3312 steel (or equivalent). 
The gears were case hardened to 62 R, and finished to 20 microin. 
Tolerances for eccentricity, involute, and spacing were set to 
0.0002 in. High accuracy was specified because experience 
taught us that it is essential for good reproducibility of results, 


Evaluation of Scoring 


The descriptions of abrasion and scoring in the literature are 
rather vague, and it is desirable to explain how these terms are 
used here. An example of an abraded surface is given in Fig. 3(@), 
The surface is the addendum of a tooth enlarged to 20 diam, 
and it appears as if plowed. These plow or scratch marks and 
the phenomenon that causes them are called ‘“‘abrasion.’’ The 
removal of metal is a mechanical process, similar to that of 
cutting in a lathe and, while harmful in the long run, in our 
experience with hard gears it does not cause rapid or sudden gear 
failure. In Fig. 3(b) a scored tooth is shown. Here, the very top 
layers of the metal were melted and then smeared over the 
neighboring areas. This phenomenon, which involves melting, 
is called “scoring,’’ and can lead to a rapid gear failure. On 
account of this the work was largely aimed at a study of scoring 

To describe scoring quantitatively, two systems of units are 
needed: One to measure the ability of lubricants to prevent 
scoring; and the other to measure its intensity once it has started. 
Since lubricants are expected to protect gears from any occurrence 
of scoring, the factors that determine the onset of scoring are 


! Numbers in brackets designate References at end of paper. 
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Fig. 1 High speed spur gear machine 


of main interest. One of these factors is load, and it was chosen 
as a measure of the ability of lubricants to prevent scoring. 

In evaluating the score load, each test was made on a fresh 
gear surface. The incoming lubricant temperature was 100 F 
and the flow rate 10 ml/sec. Oil was supplied to the incoming 
mesh. Load increments were 4 lb scale load, corresponding to 
283.4 lb per in. of gear face. Running time at each load setting 
was 5 min. At the end of each run the working surfaces were 
microscopically examined. The test was continued until a 
load was reached which caused scoring of the addendum of the 
pinion. As a rule, with unreactive oils at all loads below the 
score load the addendum surface appeared unaltered; when 
scoring occurred the entire addendum surface was affected. 
The addendum part of the tooth, or its surface above the pitch 
circle, was chosen for the evaluation of scoring because of its 
higher accuracy as compared with the dedendum. The involute 
profile of a tooth is generated from the base circle and in cutting 
or grinding operations it is practically impossible to maintain 
high accuracy of the parts close to the base circle. The use of 
accurate gears and the addendum as a reference surface provided 
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good test reproducibility; an example of the reproducibility is 
given in Table 1. 


The Effects of Mechanical Factors on Scoring 


The following factors pertaining to the gears themselves were 
investigated: Gear material, hardness, diametral pitch, various 
errors in gear geometry, tip-relief, face width, and surface 
finish. In most of the cases the effects of these factors were 
studied with several mineral, synthetic, and extreme pressure 
compounded oils. Thus information on the effect of lubricant 
properties was obtained simultaneously. 

The tests on the effect of material were made with gears 
made of steel, cast-iron, and bronze. The cast-iron used was of 
30,000 psi tensile strength and the composition of the bronze 
was: Cu 88.77, Sn 6.77, and Zn 2.03 per cent. Cast-iron gears 
failed by tooth breakage at a comparatively low load. The 
mechanism of wear of cast-iron gears was predominantly abrasion. 
Bronze gears also failed at a light load by tooth breakage. 
Before tooth breakage occurred considerable bending of the 
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Fig. 2 Section view high speed spur gear machine 


(a) (Pure abrasion, magnification 20X) 


Fig. 3 Photographs of teeth surfaces 


teeth was noted. The magnitude of this bending was evaluated 
by tracing the involute of the unloaded side of a tooth after each 
test. These data are given in Fig. 4. 
was also by abrasion. 


Wear of bronze gears 
It was concluded that hardened steel 
gears are superior to gears made out of bronze and cast-iron for 
power transmission applications. 

The effect of hardness was determined by evaluating load 
carrying capacities of various oils with steel gears ranging in 
hardness from 30 to 62 R,. The effect of hardness on score load, 
as such, was found to be small and of little practical significance, 
because soft gears, as a rule, pit and become plastically deformed 
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before reaching score load. Because of pitting and plastic 
deformation, soft gears are definitely inferior to hard gears in 
power transmission applications. 

The effect of diametral pitch was investigated in the speed 
range between 1,000 and 5,000 rpm with 10, 8, 6, and 5 diame- 
tral pitch gears. Typical results are presented in Fig. 5. The 
larger was the diametral pitch, the higher was the load carrying 
capacity of the oils. This effect, however, became less pro- 
nounced at higher speeds and oil viscosities. The higher load 
carrying capacities of oils with gears of large diametral pitches 
are explained by the differences in actual sliding velocities. 
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Table 1 Scoring performance of WADC 1065 mineral reference oil 


Score Load 


Speed 
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No. , Velocity Temp. | | Tooth 
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Hertz Stress 


HP at 
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1440 
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126a 
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134a 
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135a 
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20 ,000 7,386 


1,984 
1,934 


1,136 
1,136 
1,136 
1,417 
1,136 
1,136 
1,417 
1,136 


1,136 
1,417 
1,136 
1,136 
1,136 
1,136 
1,136 
1,136 


1,417 
1,417 
1,417 
1,136 
1,417 
1,417 
1,417 
1,417 


1,700 
1,700 
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258 
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35.1 
35.1 


29.9 
23.9 
29.9 
37.5 
29.9 
29.9 
37.5 
29.5 


60.0 
75.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 


112.5 
112.5 
112.5 

90.0 
112.5 
12.5 
112.5 
112.5 


199.6 
199.6 
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Fig.4 Measurement of bending of a bronze gear tooth with MAAG pro- 
file testing machine. Bronze gear B-1, idle side of tooth 3. 
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Fig. 5 Load carrying capacity versus diametral pitch 
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Run | Score 
2 
@ Ib 
102 28 196 a 10° | 
575 102 16 284 10° 
576 100 16 284 
577 101 | 16,)} 284 
oe 578 101 20 354 
580 100 16.) 284 
. 581 102 20 354 
i 582 101 16 284 196 x 
583 10 ,000 102 | 16,)| 284 196 
53: 101 20 354 219 
585 102 | 16 | 284 196 
586 99 16 284 196 16.5 {0.875 
587 101 16 284 196 
588 101 16 284 196 
589 100 16 284 196 
ae 590 " 100 16 284 196 
59! | | 15,000 100 354 219 x 
592 1373 102 354 219 x 
593 128 102 354 219 x 
eae 594 1282 ® 101 284 196 x 
595 | 129 101 354 219 x 19.5 ]0.875 | 1.4 
596 129a ° 101 354 219 x 
a 597 130 ® 102 354 219 x 
598 1302 100 354 219 x 
599 | 131 99 425 200 x | 
| 100 425 m | 240 x 
| © 1010 Grade Oi 
©} SAE 30 
O SAE 60 Ou 
0 16 ° 
. Running 3 
| | 


1019 Grade Oi! at 6.000 rpm 
O— —O 1919 Grade at 5,000 rpm 
- 1010 Grade at 10. 900 rpm 
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Fig. 7 Load carrying capacity versus surface finish 


The larger is the diametral pitch of the gear, the slower is the 
actual sliding of the rubbing surfaces. Why the effect of the 
diametral pitch is smaller at higher speeds and with heavier 
oils is vet unclear. 

The errors investigated were spacing and involute. A special 
set of test gears with built-in errors was procured for these tests. 
The magnitudes of the errors studied were: 0.0002, 0.0004, 
0.0008, 0.0012, and 0.0016 in. The results showed that load 
carrying capacity of oils became smaller with increasing magni- 
tude of these errors. The effect of the errors, however, was 
found to be smaller than calculated using Buckingham’s equa- 
tions {2}. 

The effect of tip-relief was investigated at speeds of 3000, 
5000, and 10,000 rpm. As an example, the results obtained 
with L010 grade mineral oil are presented in Fig. 6. Tip-relieving 
of the gears up to 0.0008 in. caused an increase in the load 
carrying capacity. With tip-relieving beyond 0.0008 in. a 
decrease in capacity was observed. This suggests the existence 
of an optimum value for tip-relieving. 

The other important factor in gear construction is the degree of 
smoothness of the working surfaces. The effect of surface 
finish was investigated by comparing the load carrying capacities 
of oils evaluated with gears of different surface finish. The 
range of surface finish was between 20 and 100 microin. An 
example of the results is presented in Fig. 7. It is evident that 
the load carrying capacity of oils became smaller the rougher was 
the surface. It appeared also that the degree of surface finish 
affected score load at all speeds tested 
A quantitative description of the load carrying capacity of 
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Fig. 8 Effect of length of contact on load carrying capacity 


gear oils in relatively fundamental terms is inordinately difficult 
because of the large number of variables involved. As a rough 
approximation, load carrying capacities are often expressed in 
terms of the load per unit width of the gear face. Since gears 
vary in their face width widely, it is important to know how 
variations in face width affect the load carrying capacity, This 
was investigated for face widths ranging between 0.1 to 0.5 in. 
Results for SAE 30 mineral oil at speeds between 1000 and 10,000 
rpm are presented in Fig. 8. The plots show that load carrying 
capacity when expressed as the beam or total load increased with 
the increase in width of gear faces, and that this relation is 
speed dependent. When load carrying capacity is expressed in 
terms of unit load, it decreases with the increase in width of gear 
faces. It follows that for a more accurate description of load 
carrying capacity of oils the length of contact and speed used in 
testing should be specified. 


The Effects of Operating Variables 


Among the operating variables investigated 
temperature, flow-rate, jet velocity, and location of oil supply 


nozzle. 


were speed, 


The number of oils used in these investigations was 
much larger than in the tests for mechanical factors. 

In the experiments on oil jet velocity and the location of the 
oil supply, the nozzles were placed as shown in Fig. 9. Two 
sizes of nozzles were used, one giving a jet velocity of 1.85 ft/sec 
and the other 63.5 ft/sec. An example of the results is given in 
Fig. 10. Here the load carrying capacity of SAE 60 mineral oil 
at various positions of the oil supply nozzle are shown, It can 
be noted that the highest load carrying capacity was obtained 
with oil supplied directly into the incoming mesh, and that the 
nozzle for the higher jet velocity gave higher load carrying 
capacity. These results suggest that scoring is highly sensitive 
to the quantity of oil present on the working surface as the gears 
go into mesh. 

The effect of temperature was investigated in several series of 
the tests. First, only the temperature of the incoming oil was 
varied from 70 F to 250 F. 
and synthetic oils of 


The oils used were unreactive mineral 
The 
mineral oils at 3200 rpm are presented in Fig. 11, in terms of the 
viscosity at the test temperatures. 


various viscosities. results with 
The data suggest a definite 
relationship between viscosity and load carrying capacity for 
lubricants of a similar nature. 


The gross effect of temperature 
Another 
series of tests covered the temperature range between 100 F and 
600 F. 
not only in the stream of the incoming oil, but also within the 


seems to be felt only as a viscosity change of the oils. 


In these tests the required temperature was maintained 
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test gear compartment. The results obtained with SAE 30 
mineral oil are presented in Fig. 12. Up to 400 F the load 
carrying capacity of this oil decreased with increasing tempera- 
ture. At temperatures over 400 F, notwithstanding further 
decrease in viscosity of the oil, a small increase in load carrying 
capacity was observed. This increase was explained by the 
formation of carbonaceous deposits on the teeth working surfaces. 

In our studies of the effect of speed, the speed range was 
between 1000 and 30,000 rpm. Simultaneously, the effect of 
viscosity was studied by testing mineral oils, silicones, and Ucon 
oils, each represented by five levels of viscosities ranging ap- 
proximately from 9 es to 400 cs at 100 F. The results for mineral 
oils are presented in Fig. 13, and for synthetic oils in Fig. 14. 

From the graphs of Figs. 13 and 14 it can be noted that the 
curves for mineral oils and synthetic oils are similar in shape. 
This suggests that all unreactive oils operate through a similar 
mechanism. The graphs also show that oils of the same nature 
line up well with their viscosities; the heavier the oil, the higher 
its load carrying capacity. However, this correlation of vis- 
cosity and load carrying capacity cannot be extended to oils of 
different origin. Often oils of one group showed different load 
carrying capacity than oils of a similar viscosity but of another 
group. An explanation for these differences was sought in the 
variations of viscosity-pressure-temperature characteristics of 
oils, For this reason, a high-pressure viscometer was constructed 
similar to that built at Harvard University for the ASME 
project [3]. The viscosity of the oils used in this study has been 
evaluated at pressures up to 120,000 psi and temperatures up to 
150 C. The data on performance of gear oils combined with the 
data on their viscosity-pressure-temperature characteristics are 
being studied; however, all attempts made so far to relate load 
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carrying capacity of oils directly to their viscosity characteristics 
were only partially successful and show that other properties of 
oils also have to be considered. 

The graphs of Figs. 13 and 14 also show that load carrying 
capacity of oils decreases with increase of speed in the slow speed 
range, and increases with speed in the high speed range. In 
fact, at speeds over 20,000 rpm the load carrying capacities of 
most of the oils tested were so high that we were forced to conduct 
the tests on offset gear surfaces; even then, with heavy oils, 
the score load was not reached. This twofold effect of speed is 
of considerable practical and academic interest. From a practical 
standpoint it became evident that enormous power could be 
transmitted by small gears providing the speed is high. For 
example, the gears used in these tests are rated for around 10 hp 
according to the American Gear Manufacturers Association [4]. 
In a number of our tests up to 500 hp was transmitted without 
any injury to the gear working surfaces. 

The mechanism of gear lubrication with unreactive oils at 
loads below their score load appeared to be thick film lubrication, 
because no changes in appearance of the teeth working surfaces 
were noted, and wear and metal transfer were undetected. 
This is possible only when the rubbing surfaces are completely 
separated by a thick lubricating film. The Reynolds concept of 
hydrodynamic lubrication, as it was developed for journal or 
slider bearings, however, cannot be applied to gears. Journal 
and slider bearings operate under steady state conditions. In 
gears each element of the surface remains in contact only for a 
short period of time. The formation, or still better, the pres- 
ervation of the thick film between meshing teeth is controlled, 
therefore, not only by pressure, geometry, and viscosity, but also 
by the residence time or duration of contact. It is known that 
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under ordinary velocities liquids deform according to their 
viscosities, but at high deformation rates they respond as an 
elastic solid. Ordinary pitch, for example, under a steadily 
applied force deforms as a liquid; if pitch is struck with a ham- 
mer, it fractures like a solid. Mason and Heiss [5, 6, 7] showed 
that liquids with viscosities comparable to lubricating oils 
begin to act as elastic solids when the duration of a deformation 
pulse is of the order of microseconds, It is of interest that the 
contact time with our gears is about one microsecond at around 
5000 rpm. In Fig. 15 plots of load carrying capacity of mineral 
oils as a function of contact time are presented. A sharp increase 
in load carrying capacity at contact times of the order of micro- 
seconds can be noted. 

Since the resistance to deformation of liquid films at low shear 
rates is strictly viscous, the preservation of the thick film at 
slow speeds should depend primarily on the lubricant viscosity. 
The curves show that more viscous oils supported heavier loads. 
However, load carrying capacity of all oils decreased with speed 
up to about 5000 rpm. The exact reasons for this are not clear 
and tentatively are explained by the effects of dynamic loads 
and rates of heat dissipation both of which are adversely affected 
by speed. The increase in load carrying capacity in the range 
of high speeds may result from a semisolidification of the oils. 


Gear Wear 


Concurrently with the investigations of scoring, wear charac- 
teristics of gears and gear lubricants were studied. Some of 
these studies were already presented [8, 9] and therefore will be 
discussed here but briefly. The technique used for evaluation of 
wear consists of irradiating one gear and operating it under 
controlled conditions with an inert mating gear. Two phenomena 
were studied: Wear and metal transfer. Wear was measured by 
placing a counter in the oil stream, observing the counting rate 
and calculating therefrom the amount of metal removed from the 
irradiated gear. The sensitivity of wear detection reached in 
these tests was 0.01 milligram of iron. Metal transfer from the 
adioactive to the inert gear was established by periodic moni- 
toring of the inert gear and by autoradiographing its working 
surfaces. 

Three principal mechanisms of wear of gears which are operated 
within their fatigue limits were recognized: Wear by abrasion, 
wear by scoring, and wear by chemical corrosion. The latter 
was detected only with certain extreme pressure lubricants. 
The variables studied were speed, load, and time. 

The effect of time for two unreactive and two extreme pressure 
compounded oils at 3000 rpm is shown in Fig. 16. The machine 
was operated 14 hours each day and stopped overnight. The 
wear with 1010 grade oil, which is a light unreactive mineral oil, 
was negligibly small at “no load’’ and increased appreciably 
when the load was increased to 5 lb. The instantaneous char- 
acter of this increase was typical of wear caused by scoring. 
The load carrying capacity of this oil at 3000 rpm, as evaluated 
previously using the addendum, as a reference surface, was 
10 (+2) lb beam load; the scoring first recorded here occurred 
on the dedendum. When the load was increased to 10 lb much 
more drastic scoring took place. During the first 65 hr of 
operation at this load the wear gradually increased. However, : 
tlose examination of the wear track shows that wear mainly 
occurred at the beginning of each day of operation; this suggests 
that starting the machine under load is accompanied by small 
additional scoring. After 65 hr of operation a second drastic 
scoring took place and at 230 hr the third heavy scoring occurred. 
It was concluded that operation of gears with unreactive mineral 
oils at loads above their first score load results in an unstable 
condition and any slight provocation, such as extraneous vibra- 
tions, shocks, and so forth, may cause additional severe scoring. 
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The other unreactive oil shown is SD-17 oil, a mixture of silicone 
and diester, and of heavier viscosity and higher load carrying 
capacity than 1010 grade oil. Wear was practically absent 
with this oil. The extreme pressure compounded oils were 
1010 grade oil compounded with 0.5 per cent S dibenzy] disul- 
fide in one case, and with 0.5 per cent P tricresy] phosphate in 
the other. Both of these oils showed a slight steady increase in 
wear which was attributed to chemical corrosion due to formation 
and attrition of the extreme pressure film. 

An example of the effects of speed and load is given in Fig. 17. 
The oil used was SAE 30 mineral oil and the tests at each speed 
and load were made with fresh gears. The results show that at 
each speed wear increased with load. They also show that wear 
increased with increased speed in the slow speed zone, and 
decreased in the high speed zone. 
curve for the test oil is included. 
relation exists between wear and load carrying capacity. 


The load carrying capacity 
It appears that an inverse 
The 
higher the load carrying capacity the smaller the wear. In 
these tests wear was detected and measured at loads below the 
score load of the test oil. The reason is that load carrying 
capacity was evaluated using the addendum as a_ reference 
surface. The dedendum, and especially the part close to the 
base circle, became scored at lighter loads. The existence of a 
relation between load carrying capacity measured on the adden- 
dum and wear of the dedendum suggests a general, not localized, 
character of the phenomenon studied. 


Extreme Pressure Lubrication 


These investigations consisted of studving the mechanism 
of extreme pressure lubrication and examining a large number of 
additives for their performance characteristics. Discussions of 
the chemistry of extreme pressure lubrication will be omitted as 
being out of the scope of this paper. The mechanism of extreme 
pressure lubrication was studied with the aid of tagged ex- 
treme pressure additives. This work was previously presented 
{10! and a brief résumé only will be given here. 

Two radioactive isotopes, 8® and P**, were used in preparation 
of the extreme pressure lubricants, one base on sulfur and the 
other on phosphorus. Gears were operated with these lubricants 
and after each run were examined for radioactivity by counting 
and autoradiographing. The information obtained shows that 
extreme pressure lubricants operate, at loads above the score 
load of their base oif, by formation of extreme pressure films. 
These films are products of chemical reactions between the active 
ingredient of the additive agent and the gear metal. The 
maximum thickness of the E.P. film observed was 1.2 10~ in. 
These films are formed and attrited continuously during the gear 
operation, by which mechanisms an appropriate steady state 
film thickness is established for each set of operating conditions.” 
These films have minimum thickness at the pitch circle and the 
thickness increase toward both the addendum and the dedendum. 
Since, with involute gears, sliding velocity at the pitch circle is 
zero, and it increases toward both the addendum and the 
dedendum, it was concluded that the heat generated by the 
sliding friction is the main cause for reaction between additive 
and gear metal. 


Discussion and Conclusions 


Many practical and theoretical conclusions were derived from 
the results of this research. From the practical standpoint, 
information on the effects of hardness, surface finish, width of 
gear face, location of oil supply, and so forth, is of interest. 


2 The rates of formation and attrition depend on operating con- 
ditions, for example, at 1000 1b per in. load and 3200 rpm 2/3 of the 
film was removed in 2 hr time. 
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Fig. 17 Load carrying capacity and wear with SAE 30 mineral oil 


The main aim of this research, however, was the theoretical 
aspect of the mechanism of gear lubrication. To this end, 
from the combined information obtained throughout this re- 
search the following mechanism of gear lubrication is postulated. 

Hard steel involute spur gears running at speeds above 800 fpm 
pitch circle velocity operate in one of two zones of lubrication; 
in one the meshing teeth are separated by a thick lubricating 
film, in the other the separating film is of boundary or “extreme 
pressure” nature. Thick film lubrication may be obtained with 
either unreactive oils, operating at loads below the score load, 
or oils compounded with extreme pressure agents, operating at 
loads below the score load of their base oil. Operations in the 
zone above the score load of the base oil can be maintained only 
with oils containing extreme pressure agents. 

Rotation of gears in the presence of a lubricant causes the 
formation of a “hydrodynamic film’’ which tends to separate 
the meshing surfaces, providing the time of contact is sufficiently 
short and the pressure is low enough not to “squeeze’’ the 
lubricant out. When the load is gradually increased, a point 
is finally reached at which scoring occurs. The magnitude of a 
score load depends on the viscosity and nature of the lubricant, 
gear geometry and construction factors, and operating conditions. 
The effect of each factor depends on its ability to assist in the 
formation and preservation of a thick lubricating film. The 
effect of speed is twofold. In the slow speed range (contact 
time >10~* sec) score load decreased with the increase in speed. 
In the high speed range (contact time <10~¢ sec) score load 
increases with speed. 

Operation of gears with unreactive oils at loads exceeding their 
load carrying capacity is impractical. However, the addition of 
extreme pressure agents permits the extension of operation to 
much higher loads than the score load of the base oil. The 
effectiveness of extreme pressure agents is attributed to the 
protective films formed on the rubbing surfaces by reaction 
between the additive and the gear metal. These reactions are 
temperature sensitive, for which reason the thinnest part of the 
film occurs at the pitch circle and its thickness increases toward 
both the addendum and the dedendum. For each set of 
operating conditions on appropriate steady-state film thickness 
is established by a continuous formation and attrition of the 
film. Generalizations for the effects of gear geometry and 
operating variables in the extreme pressure zone are difficult 
because scoring performance and wear characteristic of extreme 
pressure compounded oils depend to a great extent on the nature 
and concentration of additives. 

Wear of gears operated within the fatigue limits is caused by 
three mechanisms: Abrasion, scoring, and chemical corrosion. 
The latter type of wear is present only with chemically active 
oils and is not large with properly chosen additives. With 
unreactive oils, gears wear predominantly by scoring. Load 
carrying capacity of oils may, therefore, be used for predicting 
relative wear characteristics of unreactive gear lubricants. 
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With this picture of the mechanism of gear lubrication in 
mind, many attempts were made to develop mathematical 
expressions for gear wear and load carrying capacity of oils. 
These problems, however, were found inordinately difficult, 
and the information on hand still insufficient. Additional data, 
including that on the relaxation behavior of oils, are needed. 
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DISCUSSION 
E. K. Gatcombe*® 


The author has contributed many experimental data which 
can be used to form a better understanding of the mechanism of 
gear lubrication. As he stated in his abstract, this is a review 
of work which he has completed. The review is well done. This 
discusser will review many points and will point out that much 
more information should be obtained from this research work. 

The six types of gear-tooth failure, namely, breakage, pitting, 
abrasion, scoring, chemical corrosion, and plastic deformation, 
are well agreed upon. The scoring and abrasion probably take 
place upon partial film breakdown as the author has stated. 

It seems logical that the load-carrying capacity of lubricants 
should serve as a means to evaluate the capabilities of these oils 
to lubricate gear teeth. However, we must recognize that such a 
means of evaluation represents an all-inclusive method, since 
many complex gear factors, as well as lubricant characteristics, 
will be acting simultaneously in such a fashion as to make their 
individual characteristics difficult to separate, even when at- 
tempts are made to change one variable at atime. More favora- 
ble means of evaluation of individual factors should be sought. 

The author has stated that one must use highly accurate gears 
if one is to obtain good reproducibility of results. The writer is 
in complete agreement with this statement. 

As has been brought out in this paper, cast-iron, bronze, and 


3 Professor, Mechanical Engineering Department, U. 8. 
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soft-steel gears are inferior to hardened steel gears for power 
transmission applications. 

It would be expected that gears with relatively large tooth 
errors would have their load carrying capability reduced. Small 
amounts of tip relieving have been found to be beneficial. Other 
researchers have reported many times that surface roughnesses of 
about 20 microinches represents an optimum finish. Likewise, 
increased face widths cause a reduction in the unit load-carrying 
capacity of the gears and lubricants. 

Increased temperatures up to 400 F (nonreactive oils) would be 
expected to decrease the load-carrying ability. 

The author reports that all attempts to relate the load-carrying 
capacity with bulk viscosity relationships have failed. This is to 
be expected. This implies that it is imperative that we know a 
great deal more about thin and boundary film apparent viscosi- 
ties. 

I expect that the one most important single point uncovered 
in this work lies in the statements concerning the “twofold’”’ 
effect of speed on the load-carrying capacity of these lubricants. 
The author states that at speeds above 20,000 rpm, the loads re- 
quired to score were so extremely high that scoring was not ob- 
tained even when the offset method of reducing the face width 
was employed. Transmitting 500 hp through gears whose rated 
capacities were 10 hp at certain relative speeds without injury 
to the surfaces should call for further investigation. This shows 
that these extremely thin films can carry astonishingly high loads 
when dynamically loaded and when nearly completely enclosed 
between metal surfaces. There is no doubt but that the effective 
viscosity, under these conditions, has increased manyfold and that 
the film has the characteristics of a plastic solid. A. N. Grubin 
(see investigation of the contact of machine components, Book 
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No. 30, Moscow, 1949) believes that these thin lubricant films 
under high pressures act as elastic solids. This should prompt us 
to seek out a new and appropriate theory which might be used to 
better predict the load-carrying capacity of gears. This theory 
would need to be more flexible than the classical hydrodynamic 
theory. It could employ the hydrodynamic theory under certain 
conditions and over certain ranges of values of various variables 
but a new theory based upon rates of deformations in plastic or 
elastic solid films would be employed. The time of a Hertzian 
pitch-point contact of one of these 17-tooth 6-diametrical pitch 
20-deg involute teeth operating at 20,000 rpm might be taken 
temporarily as a dividing point between dynamic speeds which 
do or do not greatly affect the load-carrying ability of these films. 
Such a time would be approximately 8.88 microseconds. This 
is of necessity only approximate because the author has not 
stated precisely all the information necessary for an accurate 
check. 

The author states that the larger the diametrical pitch, the 
higher the load-carrying capacity of the oil. I fail to see how the 
pitch can make this change. An increase in pitch should simply 
increase the average number of pairs of teeth which carry the 
torque load. This, no doubt, would give an increased gear load 
sarrying capacity, but it would not necessarily mean a change 
in the load-carrying capability of the oil. 

There is given a figure of 1 microsecond for the time of contact 
for speeds of 5000 rpm. My rough calculations indicate that this 
might be closer to 35.5 microseconds for the piteh-point phase and 
22.6 microseconds for the addendum phase. 20,000 rpm will 
mean a Hertzian contact time at the pitch point of 8.88 micro- 
seconds. Unless my calculations are incorrect, it will require a 
speed of about 177,600 rpm for a Hertzian contact time at the 
pitch point of one microsecond. For the addendum phase the 
corresponding speed would be 86,000 rpm. 

It would appear from this that a Hertzian contact time of about 
8 microseconds might be sufficiently short to cause the lubricant 
to perform as an elastic solid and to possess great load-carrying 
abilities. This is, of course, based on the findings of the author 
that, at speeds above 20,000 rpm, scoring loads were extremely 
high. 

It is becoming imperative that we shall know more about such 
contact times and to be specific in our definitions of these periods. 

It is also essential that we shall know a great deal more about a 
number of other related factors such as (a) Hertzian contact 
stresses both on the tooth surfaces and the shear stresses below 
the surfaces, with and without lubrication effects being consid- 
ered, (b) the flash temperatures, (c) the propagations of the stress 
waves within the steel. For these reasons I have made a very 
limited number of calculations. These are all based upon the 
author’s work. Specifically for run No. 575: 


(P.D.); = 2.8333 in.; (P.D.). = 3.1667 in 
Hertzian Contact Stresses and Periods for the Pitch-Point Phase 


For E, = E, = E and for uw = 0.3 we have 


P'R,'R, 
bh = 1.52 
E(R, + 


where b is the half width of the rectangle of contact. We also 
have 


R,’ = 0.482 in.; R,’ = 0.53 in. 


63030 hp 


ro rpm 


and = 285 Ilb/'/,-in. face 


Then F,, = 1132 lb/in. 


and 
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P'E(R,’ + R,’) 
» = 0.418 | — : 
q RR» 


V/s 
] = 157,500 psi (P.P.) 


where go = maximum contact stress. 
Also 


1.52 0.482 & 0.53 


10° 1.012 ) = ().0047 in. (P.P.) 


and Tmax = 0.304qo = 47,700 psi (P.P.) 
at a depth below the surface of 2, = 0.78) = 0.00366 in. (P.P.) 
For Stress Propagation 

Take the velocity of sound in oil as 1100 ft/see and steel at 
17,000 ft/see. The time required for the stress wave to pass 
through the lubricant film of 30 microinches thickness is 0.002 
psec. The time required for the stress wave to penetrate the 
steel to a depth of 0.0036 in. is 0.018 usec. Total time = 0.02 
usec. This we compare with 8.880 usec for a contact period. 
We conclude that the shear stress can thus build up to the full 
17,700 psi. 
Hertzian Contact Period 

The are S of the involute is 


To 
S = pidp, = = ((p.”)® — 
pr 2 


then 


6 = 0.0157 radian 
20 deg for the pitch-point phase 


’ = 0.3647 radian (see Fig. 18) 
Then 


S = b = 0.0047 in. and p,” = 0.374 radian 


pi” — pi’ = 0.3874 — 0.3647 = 0.0093 radian 


This is half the total angle turned through by the pinion dur- 
ing a Hertzian contact at the pitch point. So the total angle will 
be 0.0186 radian. Now 5000 rpm = 83.33 rps, and the time for 
one revolution, 2 radians, is 1/83.33 see so the Hertzian contact 
time will be 


0.0186 


H 7 = 
83.33 2r 


= 35.5 psec (P.P.) 


For 20,000 rpm 
Hy = 8.88 usec (P.P.) 


The speed required for a contact period of 1 see will be 177,- 
600 rpm (P.P.). Now at speeds of 20,000 rpm and above, the 
author found that he got little scoring. This suggests that con- 
tact periods of 8.88 usec and less may be short enough to cause 
the entrapped films to possess unusual lubricating characteris- 
tics. 
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Contact Stress and Periods for the Addendum Phase 


1.553 


sec Yi = 1.165 so = 0.539 radian 


6 = 0.0589 radian and p; = 0.600 radian 
R,’ = 0.1676 in. and R2’ = 0.8584 in. 


1.7167 
1.155 so 6. = 0.0539 radian 
1.488 
» = 0.523 radian 
= 6.+ v2 = 0.0539 + 0.5230 = 0.5789 radian 


0.8584 in. 


so qo = 0418 — = = 206,500 psi (A.P.) 
0.1676 X 0.8584 


This checks with the author’s value of 196,000 psi 
now 


Tmax = 62,860 psi at 0.00277-in. depth 


1.52 | 1132 K 0.1438 
108 30(1.026) 


V/s 
| = 0.0035 in. (A.P.) 


pi” = 0.5769 radian and p,;’ = 0.5730 radian 


Then the total angle turned through by the pinion during « 
Hertzian contact period is 0.0118 radian. 
Thus the Hertzian contact time for 5000 rpm is 


0.00896 

x = 17.13 psec (A.P.) 
83.33 
For 20,000 rpm it is 4.27 wsee. The speed required for one psec 
contact would be 86,000 rpm. 

Now many kinds of extremely helpful pieces of information 
could be obtained from a complete analysis of this experimental 
research work. This information could be incorporated into de- 
sign formulas for gears which might, in the future, save many, 
many hours of design and development work. 

For example the author’s work indicates that hardness is an 
important factor in determining whether or not gears will pit. 
From his work it is possible to predict what loads may be carried 
and what stresses may be induced without pitting. It seems pos- 
sible that hardness as an individual factor may be isolated. 

The author found that scoring occurred on the face of the tooth 
where the sliding velocity was relatively high. This would seem 
to point to relative velocity as an important factor in causing 
temperature increases and scoring. Thus it is possible to pin 
down temperature effects more closely. 

It also looks as though time of contact might now be sepa- 

ated from other factors. 

From other work being done, it would seem that straight 
hydrodynamics or bulk viscosity effects may now be isolated from 
plastic or elastic film viscosities. Thus the reasons why bulk 
viscosity does not correlate well with load-carrying ability may 
be made clear. 

More time and thought on this work would reveal many more 
interesting effects. 
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P. M. Ku‘ 


This paper is a concise summary of a thorough-going piece of 
experimental investigation. It is a pleasure to read and to com- 
ment on it. 

At Southwest Research Institute (SwRI), we have been en- 
gaged in gear-lubrication research for several years. Although 
there are areas of disagreement between the author’s findings and 
ours, | am nevertheless impressed by the good agreement which 
exists in many important respects. 


T 


SwR!- RYDER 
GEAR MACHINE 


LBsIN 


EROCO - RYDER 
~ GEAR MACHINE 


SCUFF-LIMITED LOAD, 


4 4 
20 30 
BULK VISCOSITY AT 210 °F, CS 


Fig. 19 Effect of lubricant viscosity on scuff-limited load 


Fig. 19 presents the results obtained at SwRI on the effect of 
lubricant bulk viscosity on scuff-limited load. The data were 
obtained on a typical kerosene and six mineral oils of different 
viscosities, at constant supply temperature. Two gear-test 
machines of different detailed designs were used, which ac- 
count for the different curves obtained. Attention is called to 
the fact that the two curves are similar in shape, indicating that 
seuff-limited load was similarly affected by lubricant bulk viscos- 
ity in the two machines, and that the trend was the same pro- 
vided the lubricant type was not drastically changed. 

It will be apparent by replotting the author’s Fig. 11 in linear 
co-ordinates that the trend obtained by the author is quite 
similar to that shown in Fig. 19. It is believed that the use of 
linear co-ordinates has the advantage of showing that a linear re- 
lationship exists between seuff-limited load and lubricant bulk 
viscosity in the low-viscosity range. This linear relationship sug- 
gests the prevalence of hydrodynamic lubrication. In the high- 
viscosity range, the scuff-limited load is seen to be progressively 
less influenced by a given increase in bulk viscosity. This is not 
surprising because at higher tooth loads the viscous heating effect 
becomes increasingly more important, thereby tending to lower 
the working viscosity in the contact zone. 

Figs. 20 and 21 show the effect of gear speed on seuff-limited 
load, as obtained on two gear-test machines of different designs. 
The lubricants used include mineral oils (R-2, R-4) and syn- 
thetic oils (S-11, T-2, T-5). The similarity between the results 
presented here and the author's Figs. 13 and 14 is striking. 

Fig. 22 shows the effect of lubricant supply temperature, using 
a mineral oil (R-2), a qualified MIL-L-7808 lubricant( T-5), and 
several experimental 
(S-8, S-12, S-14). 


high-temperature synthetic lubricants 
The trend for lubricant T-5 is similar to that 
shown in the author’s Fig. 12. However, the trend for lubricant 
R-2 is quite different from the author’s Fig. 12. The very modest 


* Manager, Research Section, Engines, Fuels and Lubricants De- 
partment, Southwest Research Institute, San Antonio, Texas. Mem. 
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Fig. 20 Effect of gear speed on scuff-limited load 
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Fig. 21 Effect of gear speed on scuff-limited load 
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Fig. 22 Effect of lubricant temperature on scuff-limited load 


reduction of the scuff-limited load of lubricant R-2 with increas- 
ing lubricant supply temperature indicates that changes in sup- 
ply temperature had relatively small effect on the working viscos- 
ity in the contact zone. Thus changes in bulk viscosity due to 
grade or lubricant supply temperature 
need not result in similar changes in the scuff-limited load. 


changes in viscosity 
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V. W. Peterson? 


This paper has been reviewed along with a previous study of 
many of the progress reports on this research program. The 
author and his company are to be commended for their excellent 
work which has contributed greatly to the knowledge and under- 
standing of gear lubrication. The excellent reproduction of re- 
sults is particularly noteworthy, which attests to the extreme care 
that has peen exercised in conducting the tests. By examining 
the available literature on gear-design parameters, one can 
conclude that good gear design is still as much art as science. 
However, research of this quality tends to bring it more into the 
realm of science. 

The question often arises in experimental research test pro- 
grams of this nature as to whether the results obtained are 
characteristic of the subject in general or merely the reflection of 
the individual characteristics of the test equipment. There may 
be some of both, particularly when examined from a quantitative 
standpoint. 

It will be attempted briefly to compare some of the results 
with experience in full-scale aircraft power gearing. It must be 
realized that it is difficult to compare accurately results of a wide 
variety of gear designs operating under differing conditions, so 
some of the remarks may be regarded as approaching the cate- 
gory of opinion based on experience. 


The Effects of Mechanical Factors on Scoring 


The mechanical factors are in general agreement with experi- 
ence on high-performance aircraft gearing. Accurately finished 
case-hardened gears have been considered par for a number of 
years. Profile modification from true involute has been com- 
mon practice since World War II. The philosophy on modi- 
fication varies some, but generally on spur gears it is designed to 
compensate for tooth deflection as well as relieve the load in the 
high sliding portion of tooth action. The optimum amount of 
modification varies with gear geometry, size, and loading condi- 
tions, and has been arrived at largely through experience by 
“trial and error’ engineering. 

The dynamic effect of errors is influenced by the flexibility and 
inertia in the system as well as gear speed. The diminishing 
adverse effect of increasing surface roughness above 40 micro- 
inches is consistent with some experience. In fact, experience on 
some coarse pitch gears was so inconsistent as regards surface 
finish that there were those that argued in favor of the rougher 
finish as being beneficial on the theory that it provided pockets 
for oil retention. 

The benefits of using as high a diametral pitch as bending 
stress philosophy will allow are generally recognized in practice, 
not only from the decrease in sliding velocities, but from the 
increase in contact ratio and decreased weight as well. 

The results on the effect of face width are consistent with 
experience when considered qualitatively. However, it is felt 
that the quantitative results reflect the characteristics of the test 
rig; e.g., it is noted that the test gears appear to be overhung 
from their support bearings so that deflections would tend to 
sause maldistribution of load. Usable face width and distribu- 
tion of load are affected by machining accuracy and the geometry 
of the gear, and its mounting system. Flexibilities in the diree- 
tion of self-alignment enhance the uniformity of loading. 


The Effects of Operating Variables 


The data presented by the author should be very useful to the 
engineer. Even though they may not be used directly as design 
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parameters, they should be very helpful in extrapolating and 
interpolating experience. Our experience has included a wide 
variety of power gear designs with several different lubricants. 
The apparent viscosity relationship to load-carrying capacity of 
lubricants of similar types has been noted in practice. 

Perhaps one of the most important and interesting relation- 
ships is that of load capacity with speed. The author’s findings of 
an increasing relationship in the higher speed range is contrary to 
previously accepted theories and practices. However, it is not 
necessarily in conflict with experience which has extended to gear 
sets transmitting up to 4500 hp at pitch-line velocities of approxi- 
mately 25,000 ft per min and gear-tooth meshing frequencies of 
10,000 eps. Recognizing that it is difficult to compare quantita- 
tively different design full-scale gear sets, it can be stated that 
fewer problems have been encountered due to scuffing on these 
higher-speed gear sets than has been experienced on other slower 
speed sets with comparable tooth loading. 

The mechanism of gear lubrication postulated by the author is 
logical and consistent with the test results and experience on full- 
scale aircraft power gearing. 


E. E. Shipley’ 


This paper gives an excellent summary of the work the author’s 
company has been doing for the Bureau of Aeronautics of the 
Department of the Navy. It has been quite interesting and 
informative to study over the many different aspects of gear de- 
sign and lubrication covered by this report. 

Since the paper is a summary of the whole program, it becomes 
very difficult to discuss the complete project. I will, therefore, 
confine myself to the findings that impressed me most as a gear- 
design engineer. 

The items pertaining to gear materials, surface hardness, tip 
relief, surface finish, oil supply, and jet velocities are fairly well- 
known items in the gear business. A tremendous amount of 
knowledge and experience has been gained through the years and 
gear designers have been successfully putting most of this sort of 
material to work in the form of large jet-engine accessory gear 
boxes, turboprop gear designs, rockets and missiles, ete. Al- 
though this experience is invaluable, new data to show how many 
of these inter-related variables actually perform for us are very 
worth-while contributions to the science of gear design and lubrica- 
tion. 

In reference to Fig. 8, the curves depicting the load-carrying 
capacity in pounds per inch of face width versus length of the 
contacting face width seems to run counter to some of our own 
experience. It has been our experience that load-carrying capac- 
ity except for extra-long face widths is not generally affected by 
the operating face width of the gear. Tests have been run where 
the face width has been varied from 0.20 in. to over 1 in. with the 
same resulting load-carrying capacity from a scoring point of 
view. These seemingly conflicting results prompt me to ask the 
following questions: (1) Were the flow rates adjusted to corre- 
spond to the horsepower being transmitted? (2) Was there any 
evidence of misalignment? (The test machine is designed with 
an overhung condition which may promote misalignment.) 

The position of the oil jet is a very controversial item; how- 
ever, it is my belief that the author’s findings are true, in that, 
where short face widths are concerned, oil jets on the incoming 
mesh provide the best lubrication. Other investigators have 
found similar results and the data that come to mind were ob- 
tained on narrow face-width test gears similar in nature to those 
of the author’s. There are other problems associated with 
lubrication of the gear mesh such as wide face width, oil trapping, 
noise, helix angle, and accuracy of the teeth themselves. In 
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many applications we have found it more desirable to locate the 
oil jet on the outgoing mes}. for best over-all performance of the 
gear unit. 

The load-carrying capacity temperature curve is quite inter- 
esting in that it shows a rise in capacity as the oil temperature is 
raised from 300 F to higher values. This curve is pretty much as 
expected except for this upward trend. The author explains this 
trend as due to the deposits of carbonaceous material. Some 
indication of this tendency has also been experienced in our own 
gear-test work as well as similar indication on high-temperature 
ball-bearing tests. 

The curves depicting load-carrying capacity versus speed are 
similar in nature to those observed at our own laboratory. The 
first part of the curve is as predicted by the Kelley-Block scoring 
equations; however, the upward swing is more difficult to ex- 
plain. I believe Southwest Research Institute also observed this 
upward swing as the speed was increased. Our own data which 
go as high as 20,000 feet per minute pitch-line velocity do not 
reflect such a large upward swing with speed as would be indi- 
cated by Fig. 13 at the 25,000 rpm point, but our data definitely 
predict an upward swing more in line with many of the synthetic 
oil data shown in Fig. 14. 

The wear data plotted against speed (Fig. 17) produced a very 
interesting curve. It seems quite definite that the total wear 
would go up with speed provided that the coefficient of friction 
remained constant. It also seems definite that the total wear 
would increase to a point as long as the speed was increased in 
larger increments than the coefficient of friction decreased. 
(Our data on the average coefficient friction suggest that it is not a 
constant but varies with load and speed and definitely reaches a 
minimum value.) There may be a point where the coefficient of 
friction decreases at a faster rate than the speed increases which 
could predict the downward trend of the curves after they passed 
the 5,000 rpm mark in Fig. 17. Of course this downward trend 
would only exist as long as the average coefficient of friction was 
decreasing. There would be a point, I would suspect, that the 
curves again would take a definite upswing—this time proba>ly 
to keep on going. 

Again I would like to say we have found this paper very informa- 
tive and interesting but unfortunately time does not permit us 
to make a complete analysis of every item. Further compari- 
sons will be made however when our current series of test results 
are published and I am sure we will find this report helpful and 
beneficial in interpreting many of our own test data. 


Author’s Closure 


It appears that Professor Gatcombe is in agreement with most 
of the results and conclusions presented. Two subjects, however, 
require clarification. First, Professor Gatcombe said that he 
fails to see how the load carrying capacity of oils could be af- 
fected by the diametral pitch of gears. Apparently, Professor 
Gateombe considers the load carrying capacity as an intrinsic 
property of the oil alone. We take the view that the load carry- 
ing capacity is a characteristic of the gear-oil systems. For 
example, changes in diametral pitch cause not only changes in 
the contact ratio, but also in the tooth load and sliding velocity. 
These changes affect pressure and temperature within the con- 
tacting film, thus changing the viscosity, adsorbtion, rates of 


chemical reaction (with reactive oils), etc. As an over-all re- 
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sult the magnitude of the load carrying capacity will be affected. 

The second disagreement is in the evaluation of the “contact 
time.” As pointed out by Professor Gatcombe, the contact 
time was not defined and I would like to take this opportunity 
to correct this oversight. The contact time is understood as the 
time required for a point on one tooth to traverse the Hertzian 
band on the mating tooth. Since the reference surface through- 
out this research was the addendum of the pinion gear, the main 
interest is in the contact time at this part of the tooth. 

The exact evaluation of contact time is not a simple problem. 
Obviously, it depends on gear geometry, speed, and load. The 
width of the contacting band depends on the load which, for the 
area concerned, is distributed in an unknown manner between 
two pairs of teeth. The values of contact time given in Fig. 15 
are necessarily approximations. 

Regarding the method for evaluation of contact time offered 
by Professor Gatcombe, it was noted that the angle 6 used is 
not the correct angle, because it does not define the motion of a 
point through the contact zone, and that the load W was not 
corrected for the pressure angle. 

In connection with the problem of evaluation of the contact 
time this author would like to correct his statement “that the 
contact time with our gears is about one microsecond at around 
5,000 rpm,”’ to “the contact time could be in the range of r 
seconds at 5,000 rpm.” 

We are indebted to Dr. Ku for presenting his own dat. 
pointing to the agreement with the author's findings. Wien 
respect to the effect of temperature in the 400-600 F range the 
example presented in the paper was typical only of uncompounded 
mineral oils. Inhibited mineral oils and certain synthetic oils 
showed no increases in load carrying capacity in this range of 
temperature. 

The comments of Mr. Peterson were especially gratifying. 
His comparison of the behavior of full-scale aircraft power gearing 
with the author’s results shows that a correlation between full- 
scale operations and laboratory testing can be achieved. Of 
particular interest is the observation that fewer problems have 
been encountered due to scuffing (scoring) with the high speed 
gears. Regarding the effect of face width on scoring, Mr. Peter- 
son pointed out that although the results presented in the paper 
were consistent with practical experience, he still feels that over- 
hanging the gears may cause maldistribution of load. Our 
calculations, treating the shafts used as a cantilever beam, show 
that deflections are in hundred thousandths of aninch. Whether 
the deflections of such magnitude can affect the results is not 
known, but no evidence of misalignment was noted. 

Mr. Shipley’s observation that the score load remained constant 
for variations in face width between 0.2 to 1.00 inch is interesting. 
Evidently the load carrying capacity here is expressed in pounds 
per inch of face. In this case, the graph for the score load (ex- 
pressed as load in pounds) versus face width will be a straight 
line crossing the origin and at 45-deg angle to the axis. Similar 
results were shown in Fig. 8 for the test at 1,000 rpm, except 
that in our case the line does not ge through the origin. Answer- 
ing Mr. Shipley’s questions: The flow-rate of oils in all our load 
carrving capacity tests was 10 ml/see. 
misalignment were noted. 


As stated, no signs of 
For the effect of jet location, all our tests were made with 


gears of 0.25-in. face width. No indications of oil trapping were 
observed. 
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The Influence of the Molecular Mean Free 
Path on the Performance of Hydrodynamic 


Gas Lubricated Bearings 


A modified Reynolds equation is derived for gas-lubricated hydrodynamic bearings 
operating under ‘“‘slip flow’’ conditions. Closed analytical solutions are given for a 
Rayleigh type step-bearing and an inclined plane slider bearing for the case of two- 


dimensional flow. 


The influence of the molecular mean free path on the performance of bearings of arbt- 


Introduction 


en present theory of gas lubricated bearings as- 
sumes the fluid to be a continuous medium. This assumption, 
however, is limited to flows where the molecular mean free path 
of the gas is negligible compared with the dimensions of the flow 
passages. In the case of hydrodynamically lubricated gas bear- 
ings, which operate mostly with very narrow gap widths, this 
assumption is not always justified. As an example, some values 
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Nore: Statements and opinions advanced in papers are to be 
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the Society. Manuscript received at ASME Headquarters, July 15, 
1958. Paper No. 58--LUB-7. 


trary form is obtained by means of a small parameter, perturbation technique 


chosen at random from reference {1}! are listed in the table 
below. 


Consequently, at least in some cases, the fluid flow phenomena 
in gas lubricated bearings should be treated on a microscopic 
rather than on a macroscopic basis. The difficulties, however, in 
predicting the bearing performance would be prohibitive. 

In this paper an analysis is made which, to some extent, is a 
compromise between the microscopic and macroscopic concepts. 
If the mean free path of the molecules becomes comparable to the 
film thickness, slipping [2,3] between the gas and the walls takes 
place, producing an effect similar to that which would be caused 
by a reduction in viscosity. Another effect is that the heat con- 
duction is characterized by a discontinuity in temperature be- 
tween the solid boundary and the gas. 

As long as the ratio of the molecular mean free path and the 


! Numbers in brackets designate References at end of paper. 


Bear- Radial Ambient Molecular mean Mol. mean free 
ing clearance pressure free path [2] path 
number (ticro-inch) (psi) Ambient gas (micro-inch) Radial clearance 

1 130 14.7 Air 2.52 0.019 

2 210 14.7 Air 2.52 0.012 

3 7% 14.7 Air 2.52 0.035 

5 135 14.7 Air 2.52 0.019 

5 135 4 Air 9 26 0 069 

5 135 47 Helium 7.32 0.054 

5 135 3 Helium 35.90 0.266 

5 135 14.7 Neon 5.20 0.039 


Nomenclature 


at a reference location 


Y = ratio of specific heats /¢,) 
c= = bearing parameter 
Prchye? n = number of molecules per in.‘ 6 = PH 
F, p = py: P = pressure (absolute), A = molecular mean free path, 
C, = = friction coefficient Ib /in.? 
f »/in. in. 
h Pr = Prandtl number bw = absolute Viscosity, Ib 
r = radius of journal, in. sec /in.? 
= : -ollisi sere = ass densitv see? /in 4 
C, = , = load coefficient 8 mutual collision CTOSS SEX p muss de nsity, lb sec?/in 
tion, in.? o = numerical constant 
f = reflection coefficient T temperature, deg abs 7 = shear stress, lb, in.* 
F = friction force on runner, lb u, v = flow velocity of lubricant in gd = angle 
h = h,-H = film thickness, in. z, y-direction, in/sec Subscripts 
hi, he = film thickness of inelined u, = velocity of runner, in/sec b = refers to a value at outer 
plane slider bearing at in- W = load carrying capacity, lb perimeter of slider 
let and outlet of slider, in. zrz=1X = late bi = refers to the value at a 
| = slider length, in. y=lY = } . reference location on outer 
b 2 -rimete slide 
n= ratio of molecular mean er 
bi a@ = thermal accommodation co- Ly refer to co-ordinate axes 
free path to film thickness efficient 0,1,2... = order of perturbation terms 
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film thickness is between 0 and 1, then, as a first approximation, 
the flow may still be treated by conventional continuum theories, 
but with modified boundary conditions. Instead of velocities 
vanishing at the boundaries, the concept of slip velocities is in- 
troduced. The temperature profile is modified in a similar man- 
ner by assuming a temperature discontinuity at the walls. 

The magnitude of the slip velocity and of the temperature dis- 
continuity can be evaluated from the kinetic theory of gases. 
Neglecting higher-order terms, the slip velocity is given by [4]: 


(1) 


(2) 


The temperature jump on the basis of the kinetic theory of gases 

is given by: 

(2-a) ¥ A oT 
a Y- 1 Pr 


Tess — Twat = (3) 


A theoretical estimate of the temperature differences between 
the bearing surfaces and the gas film shows that they remain 
small. Consequently the film temperature is essentially governed 
by the bearing surface temperatures. 

Analysis 
1 Derivation of a Modified Reynolds Equation 


Fig. 1 Co-ordinate system 


The differential equation for the pressure distribution in a slider 


“ ” 


bearing operating under “slip flow’’ conditions is derived later. 
The equations are written with reference to a rectangular co-or- 
dinate system as shown in Fig. 1. The stationary slider may have 
an arbitrary form, h = h(x, y), and the flat runner moves with 
velocity u, in the positive z-direction. The temperatures of the 
bearing surfaces are assumed to be equal and constant. As pre- 
viously mentioned, the temperature of the gas film will vary but 
little from the surface temperature. As a first approximation, 
therefore, an isothermal relationship 
(4) 
Poi Pri 
is assumed 
The appropriate relationship is obtained by combining the 
Navier-Stokes equations and the continuity equation, both used 
in a simplified form [5]: 


Op Oru 
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Sila, y) and f(z, y) can be determined by substituting the bound- 


(6) 


p udz \+ p vdz | = 0 (8) 
or 0 oy 0 


Boundary conditions are: 


ou | 


= 0) =u,+X 
Oz 


(9) 


| 
u(z = h) = — (10) 
dn! 
= 0)=A- (11) 
oz 
dp | 
= —X (12) 
Oz 
wt), z = = p,[x(t), y(t)] (15 


Because the values of the constants o and f in equation (1) are 
(2 —f). 
close to unity, f “ in (9) through (12) was set equal to 1. 


From equation (7) it follows that the pressure p is independent 
of z. Integrating equation (5) twice with respect to z gives: 


| Op 
“= ~ 22 + filz, + folz, y) 


ary conditions (9) and (10) in the equation given. This vields 
eventually: 


1 2 
— he = 214 : (14) 
2u or h + 2d 


From equation (6) we obtain in a similar manner, 


| Op 
— {AX + hz — (15 
2u Oy 


Equations (14) and (15) when substituted in equation (8) give: 


Oo 4 h® Op ( : 
1+ 6 4 
or ox h 2 
3 
oy 12u Oy oh 


Because the viscosity is nearly independent of the pressure in the 
range considered, and since the temperature variations across the 
gas film are small, the viscosity can be assumed to be constant 
Using the expression for the density as given in equation (4), we 
obtain from equation (16): 


ra) 
[ (1 + 6 
or Or h 
) = “ 
oy LP” ay 


Equations (16) and (17) are modified forms of Reynolds’ equation 
A 

of lubrication applicable in the slip-flow region (0 < j <1 
(J 


The boundary condition is given by equation (13) 
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op 
= = 
oy Oz? 
op 
= 0 (7) 
Oz 
(2—f). ou 
= 
f Oz 
1 
= —— 
V2 ns 
| 
— 
a 
=p (5) 
ox Oz? 


To write equation (17) in dimensionless form, we set: 


(18) 
(19) 
(20) 
(21) 


P= PoP 


y=I-Y 
h=hy-H 


where p,,; and h,, are arbitrarily chosen, but fixed values of p and 
h on the outer perimeter of the slider. For constant temperature, 
equation (2) gives: 


Pos 


(22) 
vi P 


Combining equations (17) to (22) results in the following equa- 
6m 


tion: 
oY PH 


PHS 
ra) oP 6m ra) 


where 


6yu,l 


The corresponding boundary condition is: 


= P,[X(), (26) 


where P, is a given function along the curve f[X(t), ¥(t)] = 0. 
This curve represents the projection of the perimeter of the slider 
on the X¥-plane. Equation (23) is a nonlinear differential equa- 
tion in P which cannot be solved analytically for arbitrary slider 
geometries. 

If, for a given slider profile, the pressure distribution for m = 0 
is known, then the influence of m on the bearing performance can 
be evaluated by applying a perturbation technique to equation 
(23). The procedure is given in Appendix 1. 

“With the pressure distribution of the bearing known, the 
velocity field in the gap can be computed from equations (14) 
and (15). The friction foree on the runner can be determined 
from the knowledge of the shear stress at the boundary. The ex- 
pression for the friction coefficient is derived in Appendix 2. 

Although equation (16) has been derived for the case of a slider 
bearing it can easily be modified to apply to journal bearings. 
The only change required is to replace the r-co-ordinate by r@. 


2 Analytical Solutions of Equation (23) 


In the two-dimensional case, equation (23) can be integrated 
analytically for two slider-bearing configurations. 


One of these 
is the Rayleigh step bearing and the other the inclined plane 
slider bearing. 


(a) The Rayleigh Step Bearing 


The Rayleigh step bearing can be divided into regions with 
constant film thicknesses. For each of these regions H in equa- 
tion (23) can be set equal to unity so that this equation reduces 


to: 
aX lc ox P 


Integrating once with respect to XY we have: 
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Fig.3 Pressure distribution for compressible fluids along a stepped slider 
bearing 
Table 1 
Step bearing (1) Step bearing (2) Straight slider 
bear 
c c c 
f f 
0 1.413 | 0.337 | 4.19 1.692 | 0.562 | 3.01 1.396 | 0.331 | 4.22 
1 
0.05 1.282 | 0.331 | 3.87 || 1.528 | 0.511 | 2.99 |} 1.256 | 0.305 | 4.12 
1/6 1.037 | 0.285 | 3.64 || 1.226 | 0.399 | 3.09 1.005 | 0.252 | 3.99 
dP 
— (P + 6m) — c(P — K,) = 0 (28) 
dX 
We note that the variables of equation (28) are separable, as a 


consequence of which we obtain the following result: 


m= 0. 


friction coefficients are listed in Table 1. 


(b) The Inclined, Plane Slider Bearing 


In this case equation (23) reduces to: 


P + (6m + K,)In(P — Ki) = cX + RK, 


where K, and Ky are constants of integration which can be de- 
termined from the boundary conditions for each region. 
cussion of equation (29) is given in reference [6] for the case of 
Figs. 2 and 3 show the pressure distribution for two 
bearings which differ only in their step location. 
three values of the parameter m are shown in each case. 
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OS Fig. 2 Pressure distribution along a stepped slider bearing : 
hy 14 m=0.05 
4 


d dP 14 Gm PH 0 30 
dX| c dX PH) (30) 


where 


(32) 


equation (30) can then be written as 
( + +PH=K, (33) 

where K, is a constant of integration. Substitution of 

PH = 

l 

(hi — he) 


(34) 
c = ¢’ (35) 
in equation (33) gives: 


dé 6m 6m 
- —- — - + ¢’ — K,) = 36 
6H (1+ 7) 6 (4 + K;) 0 (36) 


The solution of this equation depends on the sign of K, where K 
is defined as 


K = 4c'K, — (c’ — 6m)* (37) 


> 
For K 0, the solutions of equation (36) are: 


kK>0O 
1 
(62 — (c’ — 6m)0 + c'K,| 
c’ + 6m 20 — (c’ — bm) 
+ —InH = Ky (38) 
VK VK 
Ke-0 
c’ — 6m c’ + 6m InH = K: (39 
“2 = 39) 
2 20 — c’ + 6m 
K <0 


In (62 — + 


+ c + Om V -K — 20+ (c’ — 6m) H = Ky (40) 
+ 20 (c’ — 6m) 

The constants of integration K, and Kz can be evaluated from 
the boundary conditions, viz., the ambient pressure values at the 
inlet and the outlet of the slider. 

Fig. 4 shows the pressure distribution obtained from equation 
(40) for three values of m. The friction coefficients are listed in 
Table 1. 

It may be noticed from equation (23) that the influence of the 
value of m on the load carrying capacity of a gas lubricated bear- 
ing is negligible for large values of the bearing parameter c, in- 
creasing as c decreases. 

3 Conclusions 


The analysis of the influence of the ratio m (molecular mean 
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Fig. 4 Pressure distribution for compressible fluids along a straight 
slider bearing 


free path to a representative film thickness at a reference loca- 
tion) on the performance of gas-lubricated bearings shows that: 

(a) Values of m greater than 0.01 will have a noticeable effect 
on the bearing performance such as load carrying capacity and 
the friction coefficient. 

(b) The load carrying capacity decreases with increasing value 
of m. This decrease is most pronounced at low speeds. On the 
other hand, the influence of m at very high speeds is negligible 

(c) The friction coefficient decreases with increasing value. 
of m. 


APPENDIX I 


Equation (23) has been derived on the assumption that m is a 
small quantity. Consequently a small parameter technique can 
be applied in equation (23) when evaluating the influence of the 
ratio m. To this effect, the pressure is expressed in the form of 
& power series in m: 


P = Py + mP, + +... = (41) 


n=0 


Substituting (41) into equation (23) and collecting terms of like 
power of m gives a system of equations for the evaluation of the 
coefficients P,, of the power series. The zeroth term equation is: 


fe) oP, re) oP, 
ap. HPP. = PoH) (42 


The boundary condition (26) is independent of m and equation 
(42) is identical with equation (23) for m = 0. Equation (26) 
therefore must also be a boundary condition for equation (42). 


PAX(0), Y(t)] = (43) 


The first order equation then becomes: 


oP. or’, 
~HP, + 6 
ox [ wr, | 


oP, oP, 
+ + HX HP, + 6) ~ | = ¢c — (P,H) (44) 
oY [ oY a) ox 
with the boundary condition 
P, (X(t), Y(t)] = 0 (45) 
Equations of higher order are more complex algebraically, but 
in most cases the convergence of the series is sufficiently rapid to 
justify the neglect of higher order terms. 
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h 
pat 
h 
H=1- (31), — 
If for simplicity we set 


APPENDIX 2 


The shear stresses at the runner surface are: 


Ou ‘ 
(46) 
Ov | 
=u (47) 


Normally the only friction forces of interest are those acting in 
the direction opposing motion. In the present analysis this 
force, acting on a surface element dz dy, is: 


Ou 
dF, = —t,drdy = —p > dx dy (48) 


The total friction foree can then be determined by integration 
over the bearing area. Using equation (14) we have: 


JSS = dx dy 
OZ 


h od 
SS (3 P+ — ) de dy (49 


Qu or | h+2X 


The friction coefficient can then be written as: 


3 oP 

C,= SS + |dXdY (50) 
pu,l c OX H 2m 
hes PH 
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DISCUSSION 
J. Ausman® 


Equation (8) is not applicable, in general, for the slip flow prob- 


2? Engineering Supervisor, Autoneties Division of North Ameri- 
ean Aviation, Downey, Calif. 
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lem. Let us retrace the derivation of this equation and see what 
alterations are necessary. The starting point is the continuity 
relationship for compressible fluids, which is 


(pu) + (pv) + (pw) 0 (51) 
~ (pu ) — (pw) = 5 
or p oy Oz 


Integrating with respect to z from z = 0 toz = h, we obtain 
ha ha 
(pu idz + (pu)dz + (pw)mn — (pw)-9 = 0 (52) 
o 


and since w = 0 at both boundaries, 


h h 
( pu)dz + — (pvjdz = 0 (53) 
0 or 0 oy 


We now come to the problem of removing the partial derivative 
signs from the integrals. We must be careful at this point be- 
cause the upper limit on the integral is, in general, a function of x 
andy. The rule for differentiation of an integral with respect to a 
parameter is 


F(z, z)dz = F(2z,h) F(x, q) 
0. Or 


or (xr) 
az 
Or 


Applied to the problem at hand, g (x) = 0, so that 


A(z, oh h pu) 
pudz = ( pump, + dz (55) 
Jo or 
re) h(z, w) oh h pv) 
pudz = ( + dz 5b) 
Jo OV o OY 


Substituting equations (55) and (56) into equation (53), we have 


o f* oh ‘ oh 
udz + viz = ( PU ) ( pv ) (4) 
or Jo Jo ‘ ov ‘ 


Notice the appearance of the two “new” terms on the right- 
hand side of this equation in contradiction to equation (8) of the 
paper. In the usual hydrodynamic bearing problem these terms 
are zero by virtue of u and v being zero at z = h (stationary upper 
surface). For the case of slip flow, however, uw and v are not nec- 
essarily zero at the upper boundary and these terms should be in- 
cluded in the general formation of a Reynolds equation for slip 
flow, 

Proceeding from equation (57), one obtains in place of equa- 
tion (17), the following Reynolds equation for slip flow: 


J h® Op ( x) 
Pp 1+ 6 
Li2u oz h 2 Jf 
h® op ( 
+ — 1+6 
oy Uo dy 
Op u, oh + h Op oh (38) 
2u or h+2d/ ox 26 Oy OY 
In terms of the author's dimensionless notation, this becomes 
oP 6m oP Gm 
+ — 1 + 
ox | ox ( ’ PH )] oY | oY ( PH )] 
o(PH) (2 oH oP 
ox oX oX oY o} 
2mcP OH 


PH + 2m 
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(59) 


| 

4 

4 


which should replace equation (23) in the paper. The additional 
terms do not alter the author’s solution to the stepped slider bear- 
ing because, for that particular bearing, h is a constant and 
Oh/dx = Oh/Oy = 0. However, his solution to the inclined slider 
bearing will be affected since 0h/Oz is not zero for that bearing. 

It remains to show that the additional terms can be significant. 
Needless to say, the additional terms discourage prospects of ob- 
taining a general solution to the problem. In lieu of a general 
solution, let us find the solution for the special limiting case of 
ce—o, which can be obtained without difficulty. This solution 
will serve to show that the additional terms involving 
m(O0H/OX) are important, at least for larger values of ¢. - 


In the limit, as c— ©, the terms in equation (59) which do not 
contain ¢ must remain finite for physical reasons. The terms con- 
taining ¢ must also remain finite, in order to satisfy equation (59). 

Lim ¢ | = finite quantity (60) 
2m ox 
H+ 


The only way this can be true is for 


o(PH) 2m OH 
2m oN 
P 


2m 
For P < H, this is closely approximated by 


d(PH) 2m dH 
Lim = 


dX H dx 


P, 


lin 
im oH og H 


where P; isthe value of Lim Pat H = 1. 


Note that the author's equation for this limiting case would not 


2m 
contain the term H log H but would simply be 


P 
lim (incorrect for slip flow) 


This is the familiar result obtained without slip flow considera 


Fig. 5 Limiting pressure distribution for compressible fluids along a 
straight slider bearing as © 
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tions and is completely independent of m, or as the author states 
in his conclusions, “. . . the influence of m at very high speeds is 
negligible.” A comparison of equation (64) with equation (63) 
will serve to test the validity of this conclusion and the significance 
of the additional terms. 

Equation (63) is plotted in Fig. 5 for an inclined plane slider 
bearing and several values of m. Equation (64) corresponds to 
the solid curve m = 0. The effect of the parameter m is quite 
apparent and is of the same order of magnitude as the other slip 
flow effects shown by the author in Fig. 4. 

In conclusion, the more general Reynolds equation for slip flow 
in hydrodynamic gas-lubricated bearings is given by equations 
(58) or (59) instead of the corresponding equations (17) or (23). 
The differences can be significant when the gap height varies in 
the direction of relative motion. In particular, m has a significant 
influence at very high speeds, contrary to the author's conclusion 
(b). 


Vv. H. McNeilly’ 


This paper is a very interesting and valuable contribution to our 
growing understanding of the performance of gas-lubricated bear- 
ings. The author is to be commended for his concise vet thorough 
treatment of this novel aspect of the theory. 

It appears that the results of such an analysis will find their 
greatest application in those cases where the ambient pressure is 
significantly reduced, such as in high-altitude devices. For appli- 
cations involving atmospheric air as the lubricant, the value of the 
bearing parameter is usually high enough to render the effect 
of molecular slip flow negligible. This is because such bearings 
are usually used at high-rotational speeds where the flow due to 
circumferential pressure gradients is minor, the major action being 
the couette flow due to the linear velocity gradient [the «, term in 
equation (14)]. The total pumping action from this term is un- 
affected by the slip flow at the boundaries. In the limiting case 
where compression effects predominate, Ausman and Wildmann* 
have pointed out that the effects of clearance and viscosity drop 
out and the load-carrying capacity depends on only the ambient 
pressure and the bearing area. Thus slip flow could have no effect 
in this realm. 

Decreasing the value of the bearing parameter ¢ will not nee- 
essarily increase the effect of slip flow on load-carrying capacity, 
because if it is done by increasing either clearance or ambient pres- 
sure there will be effects on m itself in the opposite direction. In 
general, however, a decrease in the bearing parameter decreases 
load capacity both by permitting more back flow for a given vis- 
cosity and by having the additional effeet of a decreased ‘‘vis- 
cosity”’ due to slip flow, as pointed out in the present paper. In 
other words, it is only when load capacity as caleulated without 
accounting for slip flow is already significantly less than the theo- 
retical maximum, that the slip-flow effect comes into play to de- 
crease load capacit Vv with bearing parameter at a greater rate t han 
would be anticipated if slip flow is not accounted for 

In regard to the basic assumptions, there is a question as to 
whether, for the small values of m considered in this paper, there 
is an effect of density on viscosity (even away from the walls 
which might be just as significant as the slip flow at the bound- 
aries. A paper by Gross, Jackson, and Ziering,® which has just 
come to the writer's attention, may be of interest in this con- 
nection 


’ Research Engineer, Engineering Department, Mechanical De- 
velopment Laboratory, E. I. duo Pont de Nemours & Company 
Wilmington, Del. Assoc. Mem. ASME. 

*J.S. Ausman and M. Wildmann, “How to Design Hydrodynamic 
Gas Bearings,”’” Product Engineering, November 25, 1957, pp. 103 
106 

k. P. Gross, EF. A. Jackson, and 8. Ziering, “Boundary Value 
Problems in Kinetic Theory of Gases," Annals of Physics, vol. 1, no 
2, May, 1957, pp. 141-167 
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Author’s Closure 


The author would like to thank Dr. Ausman and Dr. MeNeilly 
for their valuable comments. Since Dr. Ausman’s discussion 
concerns itself with equation (8), a derivation of this equation 
will be given here. 

For the case under consideration the mass flux vector is given 


by 
ff pudz +i f, pudz 


i and j representing unit vectors in the z and y directions respec- 
tively. Since the relative motion of the solid boundaries is steady 
and there are no sources, the continuity equation can be written 
as 


div Q(z, y) = 0 


d dz = 0 
f pudz +- pve 


which is identical to equation (8). 
The discrepancy between equation (57) in Dr. Ausman’s dis- 


or 
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cussion and equation (8) stems from the fact that equation (53) 
of the discussion is incorrect. Because of the finite slip velocity 
at the boundaries, the velocity component w vanishes only at z = 
0, but not atz = h. The boundary conditions require the normal 
velocity components to vanish at the surfaces. (This condition 
is similar to that imposed in the case of inviscid fluid flow around 
solid bodies.) With the slider inclined, the velocity component w 
at z = his given by 

oh 4 oh 

dr Umer dy 


= 
so that equation (53) now becomes 


oh 
- (pujdz + - (pv)dz + (pu)earn + — = 0 

Or or oy 
Since the additional two terms in equation (57) disappear, it then 
becomes the same as equation (8). Equation (58) is also incor- 
rect, and the conclusions based on it do not apply. 

The discussion written by Dr. MeNeilly helps to clarify the 
effects of slip flow. With regard to the basic assumptions made 
on the concept of slip flow, it must be pointed out that they are 
only.as good as the assumptions made in the classical, kinetic 
theory of gases. 
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